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SPECIAL PROBLEMS OF FUNCTIONAL ANALYSIS 


§1. Introduction. For the consideration of all the problems handled in 
this book, it will be necessary to refer repeatedly to some of the simplest 
properties of the functions integrable in the sense of Lebesgue and to some 
of the simplest concepts and theorems of functional analysis, which have 
become well-known. For this reason we shall not for the most part go into 
the details of their proofs and merely present the necessary formulations 
and definitions. 

For the understanding of the whole exposition below, it is sufficient to 
have such a knowledge of the theory of multiple integrals of functions of 
real variables as is to be found in Lecture VI of the author’s Equations of 
mathematical physics or in Course of higher mathematics Volume V of V. I. 
Smirnov. 

We recall now some properties of multiple integrals and summable func- 
tions. 

1. SUMMABLE FUNCTIONS. For any function f(x),%2,---,%,) of n_ vari- 
ables on the bounded domain 2 we denote by F any closed set on 
which f is continuous. 

By the inner integral of a positive function f, we denote the upper 
bound 


(in.) f fax, ... dx, = sup 1S Cig. ei ey spade A) 
2 FO?s, 


If for a positive function f, the inner integral exists and satisfies the 
condition 


(in.) [FM dey... dxy= 


= (in. f fax, ... dx, (in) fi-dxy 2. dx, (1.2) 
2 Q 
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then the function is called summable, and the integral (in.) 4 fdx,--- 
. -dx, is written simply 


J ras ove RS (1.3) 


and is called the Lebesgue integral. 
A function taking values of different Hens is called summable if both of 
the following are summable 


ft=sist+lfl) and f=Z{Ifl—/. (1.4) 
while the integral of the function f is defined by the formula 
[ fax, ... dx, = [ frax, ... dx,— ff dx, ... dx, (1.5) 
By re Lebesgue peers ofaset E is ere the integral 
mE = { op dx, ie Xm, (1.6) 
Q 


where ¢¢ takes the value 1 at points of E and the value 0 on the 
complement (Q2—£). 

A function f is said to be measurable onthe domain 2 if the measure 
of the closed sets F on which it is continuous may be taken as close as 
one pleases to the measure of Q. 

Every summable function is measurable. 

The Lebesgue integral has the same property as does the ordinary inte- 
gral. In the following, in place of dx,---dx,, we shall write merely du. 


fA+A) du= ff, du + f fade, 
° : f (1.7) 
f af dvu=a f fa; a = const. 


If the series fy tfot+---+f,+---=fo converges uniformly, then 
[A+++ tht. )dv= 
Q 


ee nar -, (1.8) 


In addition, formula (8) is valid whenever Toes -+>+fxl sv for 
every N and in addition ¥ is a summable function. 

If f20 and £ fdv=0, then the set of points where {#0 has 
measure 0 (m|f~0}=0) 
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Two functions f, and f, are equivalent if £ |f,;—/f,|dv=0. 

If £ f¥dv=0, where y is an arbitrary function continuous with all 
its derivatives in the interior of 9, then f is equivalent to zero. 

If k<f<K, then 


km < [ fdv<K- mg. (1.9) 
2 


The Lebesgue integral is absolutely continuous. In other words, for each 
e>0O and for each function f summable on the domain Q, one can find 
é(e)>0 such that for any set ECQ we have the inequality /¢ |f|du<e 
as soon as mE <6(e). 

We shall prove two important elementary inequalities. 

2. THE HOLDER AND MINKOWSKI INEQUALITIES. Let p>1; then if 

p’=p/(p—1), then 


Del acre gta. sage 
pol: pe e ple 

We consider the curve y=x?"' (Figure 1). |e C 
On this curve : : 

1 
X= ypol ie 4 

Let x and y betwo arbitrary positive numbers. D 

If weerect segments on the lines AD:x=const. 9 = # 
and EC:y=const. up to their intersections with Figure 1 


the curve, we see that the sum of the areas of the 
figures OEB and OAD is greater than the area of the rectangle OECD, 
whatever x and y may be. In other words 


x y 
fxertdx + f ye dy>xy (1.11) 
0 0 
or 
xP p' 
aig ee. (1.12) 


The equality will hold only in those cases where y=x?~'=x!''"~" or 


xP yr 

Let Q designate the variable point of the domain Q of the n- 
dimensional space and P(Q}>0_ be an arbitrary bounded function on Q. 
Let x(Q) and y(Q) be two positive functions on 2 satisfying the 
conditions 


flxQrPQdv=1; flrQp PQ av=1. (1.13) 
Q 2 
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Then, multiplying (1.12) by P(Q), integrating over 9 and using (1.10), 
we obtain 


fx@y(@ POdv<. (1.14) 


Let X(Q) and Y(Q) now be two arbitrary functions on  inte- 
grable respectively to the powers p and p’. Then for the functions 


«(Q=—4XO _., Pj eae 
Pp n / = 
[fix Pav |p [ five P avlp 


the inequality (1.13) is valid, and consequently, we have the inequality 
(1.14), which after simplification takes the form 


fIx@I- IY @lP @av< [ fixr eae [fire eaep 


from which follows the Hélder inequality 


[fx@rGr@al|< [ fixp rae jr x 


1 
«| fire Pav Pr (1.15) 
2 
It is obvious that the inequality sign can only hold in (1.14) if for almost 


all Q we have the equaltiy x?= ,”. Consequently, in the inequality 
(1.15) the equality sign holds only in the case in which 


P p’ 
aN 2% pee ns oe , sign XY = const. 
fixed fiyr'Pa 
@ 2 
almost everywhere, i.e., if the functions |X|’ and |Y|? differ almost 


everywhere merely by a constant factor and X and Y have almost 
everywhere the same sign. 


From (1.15) follows the generalized Holder inequality for several func- 
tions. 
Let A;4+-Ag+- > > +A,p=1, A,>0 and let the functions ¢, Y=1,2,- - -,k) 
be integrable in their absolute values to the powers 1/A,. 1.e.. 
1 


flesh Pav <0, 
e 
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Then the product @)@2: + -d, 18 una and we have the inequality 


| free awe gn Pdo| << filet pav| x 


[fleet . av |" oe [ flea # do) (1.16) 
7) 2 


where the inequality holds only if the |¢,|'” differ from one another 
merely by a constant factor (i.e.,|¢;|'V=cw) and the sign of |¢ido--- 
- -@,| is a constant almost everywhere. 


We prove this inequality by induction from k to k+1. 

Let 1,62,- + +,64.¢,.; be positive and suppose that for k functions 
the inequality (1.16) has been proved. Then, if A; +A.+-: + -+Ag+Ag¢1=1, 
we have, putting D=1/gs1, 
ae 1 : 


a hy 
| Seve. eee PnP dv |< | flees etopyet te ee 


p 


1 
AtwRt..e +) ——— N 
x P do t lg] Met Pao | Bits (1.17) 


By virtue of the assumption of the correctness of (1.16) for k functions, 
we obtain 


1 1 1 


fer Fi gg hERE Oy og NTR Day 


1 Meee thy 4 
<l Ste, a Pdv} FX 
Q \ 
Rtpeee Hp hy 
Lf (+ eras Fh) i ty Pdof beeebhy (1.18) 


Substituting this expreon in (1.17), we obtain the inequality (1.16) for 
k+1 functions. For k=2, the inequality was proved in (1.15). Conse- 
quently, the Holder inequality is proved for all k. 
We may verify, as a consequence of the result obtained earlier, that the 
equality sign holds only when all the functions 
=] 1 
d 


1 
70 a 
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differ from one another by constant factors (with the exception of a set of 
measure zero). 


If the functions ¢),¢2,- - -.¢, take on only a finite number of values. 
the nee may be written as sums, and we obtain 
; N ee Se 
Salat a aa tae = (Dfar |e | Se 
m1 t=1 
x ERA N Ba ee 
x [> (af) )e] [> (aii)%] § (1.19) 
This inequality is also called the Holder inequality. From (1.19) for the case 
M=o=35, we may obtain the useful inequality 


N N 
[Xa] =(Z 1 aM < & 7 by ca)2] 
i=1 4= 
1 
-Va"y (a?)'] (1.20) 
| 
Let x(Q) 24); y(Q) =0 on 2. We consider: 
fet y)? Pdu= x(x yl P dv + fy (x + yy" Pav. 
G 3 . 


To each term of the right hand side we apply the Holder inequality. 
We obtain: 


1 


[ fet enr’ p ae]? + 


= 


JGsrannaes [fp dv | 


Q 


+[f 7 ea]? [fe +. yr)?’ pa]? = 


=|, f(x + PP ao]? tL 2 Pao]? + [J 7p] 


Cancelling the first factor on the right, we obtain the Minkowski in- 
equality: 


[f ctor eao]* <[ fred]? +[ [rea]. (1.21) 


It is obvious how to extend (1.21) to the sum of several functions of arbi- 
trary sign on 2. Then we obtain the Minkowski inequality: 
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~) 


[fist eebaeP Pao)” <[ [in Pedo]? +... 4 


Q Q 
2 
+| [lee Pao]? (1.22) 
Q 
The equality sign can hold only in case the functions xX,,%9,- - -,X, are all 
proportional. 


If the functions x and y take on only a finite number of values, then 
the integrals may be taken as sums, and we obtain the Minkowski in- 
equality for numerical series. From (1.21) we obtain: 


(DalxstyP)? <[LaleP]? +(Dasly Pl? (1.23) 


or for several numerical series: 


[x a; | 2 Nag ] 


3. THE REVERSE OF THE HOLDER AND MINKOWSKI INEQUALITIES: Let 
0<p<l1,sothat p’=p/(p—1) <0. 
We consider the curve y= x?~' (Figure 2). On this curve, obviously, 


xa yt 


Let C be a point with coordinates x and y situated above the curve 


1 
P 


1 
< D[Da,| x: !?]? (1.24) 
j 4 


J 





Figure 2 Figure 3 


The area g of the figure OABDE is less than the area of the rectangle 
OACE. Let K be an arbitrarily distant point on the y-axis. The area q 
may be expressed as the difference between the area OAKBDE= fy dx 
and the area AKB= /,* xdy. In other words: 
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az co 

f Prax — f yay <xy or Len ess < xy. 

0 y Pp Pp 

Now we take a point C, below the curve y= x?~' (Figure 3). Consider the 
difference between the areas KAOEC,D= fix’ "'dx and KAC,BD= 
ft’ 'dy. This difference is equal to the difference between the areas 
OAC\E and C,DB and, consequently, is less than OAC,E, i.e., 


po oyp’ s, 
ey 0.28) 


In the cases where y=x""', i.e., x?=y”, the inequality (1.25) reduces 
to an equality. 

From (1.25), as we have done for (1.15), we obtain for positive X and 
Y the reverse Holder inequality: 


fxvpav>| farede]?| fx pan (1.26) 


From the reverse Holder inequality (1.26), we may obtain the reverse 
Minkowski inequality: 
1 1 
| fots oe +x)’ Pav]? >| f xp P dv}? ce cae 
Q 


Q 
Jt 
+{f xgP do)”, (1.27) 


valid for 0<p<1 for positive x,,X2,+ + -,X,. 
As before, the equality sign can hold only in those cases where all the 
functions in the right hand side are proportional. 
The proof is completely analogous to the preceding. 
Notre. Let x(Q) be given on Q. If we put 
y=x onthe set EC, 
y=0 onthe set 2-E, 
2=x-Vvon fg, 
then we will have, if we apply to y and z the Minkowski inequality for 


p22: 
= = ak 
| fier av]? <[ fier av]? +| fixP ao]? 
2 E Q-—E 


For p< 1, the inequality is reversed (if x>0). 
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§2. Basic properties of the spaces L,. 

1. Norms. DEFINITIONS. In the ordinary Euclidean space of n 
dimensions, for the concepts of convergence and of passage to a limit one 
uses the distance between two points p= (S°(xi—y)?)"?. 

The function p= (>_£?)'””, expressing the length of the vector x with 
coordinates £;, is a special case of the so-called norm of a vector. The 
distance between points is expressed in this way as the norm of the 
difference of the coordinate vectors of these points. The method of intro- 
ducing the norms of vectors by means of this Euclidean length turns out 
not to be unique. We shall say that the function p(x) is a permissible norm 
if it satisfies the three conditions: 

(A) The function p is a homogeneous function of the first degree with 
respect to &,f,- + -,E,, 1.e., 


o(RE,, BE, .. +, REn) =p (Ey, Eos «+05 &,). (2.1) 


(B) The function p(£,,- - -,&,) is a convex function of its arguments. In 
other words, if we define the vector Ax+uy as the vector with components 
hE; + un, where £, and n; are the corresponding components of the vectors 
x and y, then from the equalities p(x)=a, p(y)=a follows 


> > 
p (Ax wy) <a, (2.2) 
ifAtyw=1, OSAS1. 
Geometrically the property of convexity means that if two points x and 
y lie on the surface p=const., then an arbitrary point of the segment join- 
ing them will lie either on the same surface p=const. or within it. 
(C) From the equality p(£),f,- - -,£,) =0 follows 
E,=0, f=0,..., &, = 0, 
TRIANGLE INEQUALITY. The property of convexity is often formulated 
somewhat differently. 
Let & and n be an arbitrary pair of vectors. We consider the quantity 
o(E+n) and attempt to estimate it. We have: 
anaes | () g (") if rs > 
Be a ee ee OP 
p(f) + p(n) p(s) (FE) +e (a) P(r) 








If we put 
z > Fa > 
= =X; = =y, 
p(5) p(%) 


then we shall obtain, obviously, 


p(x) =1; p(y) == 1. 
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Further, putting 


> 
‘a e (3) : i= p(n). 


> Sa PS 
p(5) + p(m) eO+ety 


and using the homogeneity of the norm, we have: 


> > > > eee 
pS + 0) = fe (&) + p(n)lp (Ax + py). 
Since the last factor is less than or equal to 1 by property (B), it follows 
that 


beat 


6E+n) <p) +6(x). (2.3) 


This inequality is called the triangle inequality. Thus the inequality (B) 
imphes the triangle inequality for homogeneous functions of the first 
degree. 

It is easy to see that, conversely, for homogeneous functions of degree 
one, the convexity of the function follows from the triangle inequality. 

Indeed, if p(x) =a, o(y) =a, then 


> 
p (Ax »y) <pOx) +p (wy) =—Atypja=a, 
which was the fact to be proved. 


We shall call two norms p,(£) and po(€) equivalent if for arbitrary Ewe 
have the inequality 


mp, () < pe (8) < Mp, (). 


where the constants m and M do not depend on é. 

On the Euclidean n-dimensional space all norms are equivalent. Indeed, 
on the surface (<1 the function p»(x) assumes its maximum and 
minimum values, and the latter is positive by virtue of (C). If we denote 
these values by M and m respectively, we obtain: 


=) =P: (2 @), 


fr (8) 





> > 
bo (5) = rol (&) 


from which the desired inequality immediately follows. 

An arbitrary affine transformation of an n-dimensional space preserves 
the property of convexity for a surface. For this reason, if p(y).- + -,.¥,) 
is a permissible norm on the space with coordinates },¥2.- --+,¥,, then 


Pe 
9 (Na, 5x, SN aX oy DY QnjXj) 
will be again a permissible norm on the space of the x,,- - -,x, if the de- 


terminant of the transformation |a,,| is non-null. Indeed, if in the space 
Xj,X2,- + °,Xq, all the yi(xy,- - Xn). > Mal Xn - +.X,) are zero, then all the co- 
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ordinates x,- - -,x, will be zero. Thus from p=0 will follow x,=x,=.--= 
x,=0. The homogeneity of p is also obvious. 

The set of all functions ¢ integrable together with |¢|? on a bounded 
domain we will denote by L,. We introduce the notion of norm into the set 
of functions L,. We set ||¢]| =[J/i |¢ |’dv|'? and call |/¢|| the norm. The 
norm in a functional space serves as generalization of the geometrical con- 
cept of the length of a vector. Often, when it is necessary, we shall add as 
a subscript to the norm a special symbol indicating in which space this 
norm is defined. We shall write for example | 4], 

For the norm, obviously, the following assertions are valid: 

(a) |o+¥] <lel+lly¥l| (Minkowski inequality), 

(b) lag] =|a|-||¢|], @=const., 

(c) If ||¢|] =0, then ¢=0 (with the exception of a set of measure zero). 

In the following it will be necessary for us to use some of the notation of 
the theory of sets. We shall write ¢CL, if the function ¢ is an element of 
L,. A sequence ¢, of any sort of elements we shall denote by }¢,}. If the 
set FE, is a part of E,, we shall write E,CE, or E,CE,, according to 
whether there are elements in E, not lying in EF, or not. If the element 
¢ does not lie in the set E, we shall write ¢CE. 

We shall say that a sequence of functions | ¢,} converges strongly to the 
function ¢» in L, provided that || ¢,—¢0|—-0. We shall sometimes desig- 
nate strong convergence by the notation 


24 => %: 

2. THE RIESZ-FISCHER THEOREM. Suppose that we have a sequence of 
functions }¢{, #eGL,, such that for an arbitrary «>0, ||¢,—¢,|| <e for k, 
m>N(e). Then there exists a function ¢,CL, such that ¢,=> do. 

REMARK. This theorem asserts the completeness of the functional space 
L,. We shall not give the proof of this theorem. It may be proved in the 
same way as it is proved for p= 2. 

3. CONTINUITY IN THE LARGE OF FUNCTIONS IN L,. Let ¢ be given on 
the whole space, with ¢=0 outside of 2 and ¢EL, on Q. 

Let P(x,,x2,- + -,x,) be the coordinate vector in n-dimensional space, 
| P| its length. 

DEFINITION. The function ¢ in L, on Q is said to be continuous in the 
large in L, if for an arbitrary «>0 there exists 5(«) >0 such that 


[fieB+ Q—2 Brau]? <s, (2.4) 


if |@Q| <6(e). 
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THEOREM. Every function 6€L, on a bounded domain Q is continuous in 
the large on that domain. 


Proor. To simplify the argument, we extend the function ¢ outside of 
Q by setting it equal to zero there. By virtue of the absolute continuity of 
Lebesgue integrals, for a given « we can find 6;(e) such that fo |¢|?’du <e 
if mQ’ <é,(e). By the definition of a summable function we can select a 
closed set F,such that ¢is continuous. on F, and mF,>mQ— (6,/2), 
FyCQ. 

On the closed set F, the function ¢ is uniformly continuous by the 
theorem of Weierstrass, which means that if P and P+Q both lie in F;, 
then choosing |Q| <62(e) we have 


> > > eP 
|e P+Q—9 Ar< = 
Let F;’ be the closed set obtained from F, by translating by =. 


We consider the sets F,, F®, and Q as included in some sphere K and 
form the sets 


FW) =:(K —Q) + F, and F90) = (K—@)+ FP. 


The measure of each of these is arbitrarily close to the measure of the 
sphere K. We have: 


m((K—~@) + Fy] =m [K —Q—F,)| >mk—29 ; 








ES (2.5) 
m ((K—@) 4+-F2] =m [K uo 
We form the intersection F*= F!). F*". Obviously, 
mF. > mF + mF (1) — mK >mK —6, (s). 
Consequently, 
m (K — F3) <6, (e). 
We have: 
< 
[ [12 P+O—2 Bp av]? < <|fleP+Q—2Ppar |P+ 
i Fr 
= 
+[fieF+ Grav ye i 7 (2.6) 


K—Fy K--F; 
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In the first of the integrals on the right hand side the integrated func- 
tion is less than e*/mQ, since in it both the points P and P+Q lie in F;,. 
The second and third integrals are small by virtue of the absolute continu- 
ity of f, |¢|’dv. From this our theorem follows. 

4. COUNTABLE DENSE NETS. 


THEOREM. For every function ¢CL, there exists a sequence }¢,} of con- 
tinuous functions with continuous derivatives of all orders converging strongly 
to o. 


ProoF. We shall assume that ¢=0 outside of the basic domain 2. 
We consider the kernel: 
xy 
wo (Q, A= a for r<A(r=|P—Ql). (2.7) 
0 for rQh 

We note the obvious properties of the kernel: 

(1) w(Q.h) is cortinuous on the whole space together with all its 
derivatives. 7 

(2) On the boundary of the sphere of radius A, the function w(Q,hA) 
and all its deriv atives are equal to zero. (The second property follows from 
the fact that e” ” * and any of its derivatives -0 as r--h with r<h). 

In fact, by induction we may show that any derivative 


dzer—™ 
Ox... Oxsn 
has the form 
” 
es eee (2.8) 
(r2 — h2)?4 
where in the numerator there appears a polynomial in (x;,%9,- - -,Xn). 


(3) We set k= free” —Udy-: then S(Q,h)dv=«ch", where n is the 
dimension of the space. 
Thus 


an fe w(Q, A)du=1. 


We form the averaged function for ¢ on the sphere of radius A with 
center at P: 


—_ | > > > 
on(P) = sae fo (P— Push) 9 (Py) dus. (2.9) 
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PROPERTIES OF THE AVERAGED FUNCTIONS. 


(1) The functions ¢,(P) have derivatives of arbitrary order. 


_ Proor. Let (x,,- - -,x,) and (3;,- + -.¥n) be the coordinates of the points 
P and P,. We consider the expression 
H= wn (a+, XO, +205 Xn)— Pn (41 ak Ce Xn) a 
r4 k 


V2 (FRY Fo Va nn) II 0 Yn) x 


yAn 


1 fo] => > > 
x¢ (Yi> sey Yn) a0 > Zhe Jew [» (P —P,; n) 9 (P,) ae 


Q 
for k—0O. (2.10) 
Taking the limit under the integral sign, since 


w (xy + R= Sy Xo Yar ee Xn Vn) — 9 OI Ka HV = Nn) 
k 


F > > 
> [» (P= Py h)| 


uniformly, as follows from the equality 


su eee ae (x) | =|y 0" (x4 58) | <y 














and thus 
1 dw 1 w (xy + k)— (xy) 
|H sr feet |< ae f(a 
1. i 
Ow |P Bp’ p 
econ dv { fier dv| < 








for k—0 (for then n—0). 
In acompletely analogous way, we may carry through the proof of the 
existence and continuity of an arbitrary derivative of arbitrary order. 


(2) The functions ¢, converge strongly to ¢ for h—O, t.e.. 


i 


2 





¢, —9|P?du+0 for h-0. 


Proor. Consider 5=||¢— ¢n]. 
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7 4 1 ord a4 > p 
be = f |e(P)——y foP—P,, Ao, )duz |"dv< 


<fAae aw foP—B, 2B) 9B) log V dv. 


We set P— P\= Q and for the estimation of the interior integral we apply 
Holder’s inequality: 
1 


apc ical J |w (Q, h) |” avs |” x 


> 
IQi<gh 


1 
x{ f leP@+)—2 PI” doz |’) an; 
1Ql<h 
From the boundedness of w it follows that: 


| f |w (Q, h) |? dug |= Can, 


> 
\Qlcgh 
so that 


i > > > 
sm ccyimy 8") ffi B40)—e@)P dvgav= 
I@l<h 
x . > ' > cach > Dp ue . 
=Cyh zi f |2 (P+ Q)—9(P) |" dudes; 
1Ql<h 
in consequence of the continuity of the function ¢ in the large it follows 
that for h sufficiently small /|¢(P+Q) —¢(P)|’du<n, and then 


ap <Cyh-" f ndvx <C37>0. (2.11) 
1 Qlch 


The averaged functions form, obviously, a sequence of functions which 
are continuous together with their derivatives of arbitrary order and 
which converge strongly to the function ¢€L,, and our theorem is proved. 


THEOREM. In the space L, of functions ¢ given on a bounded domain Q 
there exists a countable everywhere dense set of functions \¢,| (R=1,2,---), 
orxCL,, i.e., a countable set such that for an arbitrary element YCL, and for 
an arbitrary «>0, one can find an element 4, for which ||¥—¢,|| <e. 


For the proof it suffices to show the existence of such ¢, for all con- 
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tinuous functions. By the theorem of Weierstrass an arbitrary continuous 
function f may be approximated arbitrarily closely by a polynomial P. 
An arbitrary polynomial P may be approximated by polynomials P, with 
rational coefficients. The polynomials P, form a countable set. 

Let YEL,. We construct ¥,, an averaged function for ¥ such that 


iv —l<£. 
Further, for ¥, by the Weierstrass theorem we may find a polynomial 
P(Q) such that 4 
Finally, there exists a polynomial P, with rational coefficients such that 
|P—P<e. 
From these three inequalities, it follows that 
yo Pl — é, 


and since the functions P, form a countable set, the theorem is proved. 

REMARK. The property of a space having a countable everywhere 
dense set (expressed as ‘‘countable everywhere dense net’’) is called sep- 
arability. Thus, the space L, is separable. 


§3. Linear functionals on Lp. 

1. DEFINITIONS. BOUNDEDNESS OF LINEAR FUNCTIONALS. If for each 
@CL,, there is given a corresponding number /¢, then we say that /[¢ is a 
functional of the function ¢. Functionals may be added, subtracted, and 
multiplied by constants. We shall set 

(al) o =a (/9), 
(+h) 9 =he + ly. 

A functional /¢ having the properties: 

(1) Distributivity: 

L(af, + bf.) = alf, + blfo, (3.1) 
where a and 0 are arbitrary constants; 

(2) Continuity: 

if ¢,=> q, then Ip, > ls, (3.2) 


is called a linear functional on L,. 
The functional /¢ is called bounded if there exists a constant M>0 such 
that forany ¢ 


lla|<Mllell, (3.3) 
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where ||¢|| = (/ |¢|°du]’” is the norm of the function ¢ in L,. 
THEOREM. Every linear functional on L, is bounded. 


We prove this theorem by reductio ad absurdum. If the assertion were 
false, there would exist a sequence }¢,{CL, such that /¢,/||¢,||— =, Le., 
lbz/\|¢,|| > (Ran arbitrary integer). 

We consider | vs |= {44/(x/k|| d||)}. Obviously, 


Ye L, and | yal] = 1//k)—0; 


as aresult ¥y,=>0, and by the continuity of the functional /¥,—0 also. On 
the other hand, l¥,>./k, and as a consequence ly,— 0. We have arrived 
at a contradiction. The theorem is proved. 

Of all the numbers M which satisfy (3.3) we can find a least, called the 
norm of the functional /¢ and denoted by |{/||. It is worth remarking that 
the norm of the functional satisfies the conditions: 

Jazi] =| a] |2 4) 
and 
I, Elol<i4 ll + Well (triangle inequality). 


These properties follow immediately from the definition of the sum of 
functionals and of the functional (al). 
Our problem appears as that of establishing the general form of linear 
functionals on L,. As a preliminary, we establish two auxiliary inequalities. 
2. CLARKSON’S INEQUALITIES. 


LEMMA 1. 
(x)= (1+ x)/+ (1 —x)}— 2 <0, (3.4) 
if X21 and 0<x<1. 
Proor. &’(x)=A(1+x)*"'—A(1—x)*'=0, and (1)=0, i.e.,4(x) is 


a nondecreasing function on [0,1] which is equal to zero at the right hand 
end of the interval and consequently, (x) $0 for x<1 (q.e.d.). 


LEMMA 2. 





(AY +(G2)h <z0 4+) 
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PRoor. We consider 
F(x) =(S*P+(GAP—-fa+4) 
and 
Pp 
1 Free (SHH (EY #(S +) 


We have 
® (1) =0; 


p-1 1° p-1 pore = 
oe) a a 1) | es ee 
meer (Lp yh (xP 


&’ (x) = — = [(> 


x 


By virtue of Lemma 1, $’(x) 20, and as a result. 6(x) $0, which means 
that F(x) <0, as was to be proved. 

CLARKSON’S FIRST INEQUALITY. We consider |(¢+y) /2|’+|(¢—y)/2|?. 
Suppose that at the given point, for example, |¥| <|¢|; we put |¥/o| =~. 
Then by Lemma 2, we obtain 

aaa a 


+ P+ : 
<HP ape =Flertiyy). 6) 


Integrating, we obtain Clarkson’s first inequality: 


fiestas [leet Peocd fieitart 
+5 fly as, p>2. (3.7) 


=|)? 











LEMMA 3. 
1 
© (p) = (2? + (1-2 (3.8) 


is an increasing function of p for p>1, } el 


Proor. We consider the auxiliary function 





A(p) = log [2? +(1—2z)?]. then log w (p) = 
We have 
sh log a (tei top tl 2). 


M (p)= Palo 
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We shall show that A’(p) is an increasing function, i.e., that \(p) is a 
convex function. 
In fact, z/(1—z)>1, and snes 





log — es 0. 
In addition, 
2P 1 


i= Spee = Wigeag 





is an increasing function of p, since (1—z)/z<1. For this reason, 


N (p)=p (p) log z+[1—p (p)} log (1—z)=p (p) log -= +log (1—z) 
is also an increasing function of p, as was to be Stove: ec a result, the 
curve of \(p) (p>1) is convex. From the monotonicity of \’(p) follows 
obviously that A”(p) >0. 
We consider the derivative of \(p)/(p—1)=y(p) =log w(p). We obtain 


y (p)= el’ (p) (p — 1) —A(p)]. (3.9) 


The expression in square brackets is always positive. Indeed, 
[\’ (p) (Pp — 1) —A(p)]' = (p —1) A” (p) 

and as we have observed, is always positive. It follows that the bracket 
[\’(p) (p — 1) —d(p) ] is always increasing. For p= 1, it is zero since \(1) =0. 
Thus, it is always positive and so is the function y’(p). This means that 
y(p) is an increasing function, as was to be areas 

Remark. We note that the function w(p,a) = [z+ (1—2z)?]!?~* will be 
increasing for a>1 (and in particular for p=a) and decreasing for a<0. 
For 0<a<1, it will have a single minimum. It is easy to prove this asser- 


tion geometrically. 
We have 





a 
log o(pa) =P), 

The curve \(p); (p>1) has the form pictured in Figure 4. For p>1 
it is convex since \”(p)>0. It intersects the p-axis at p=1. The curve 
has the asymptote \= p logz since 


\(p) = p log z+log [1 +(7 =". 


and consequently the difference \(p) —plogz tends to zero as p—~. An 
arbitrary line can meet this curve in at most two points. It is obvious that 
\(p)/(p—a) represents geometrically the tangent of the angle ¢ made 
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with the p-axis by the line running through the given point on the curve 
and the point p=a, A=O on the p-axis. If a>1, this angle grows from 
—nx to arctglogz. Analogously if a0, this angle ¢ decreases from 0 to 
arc tg logz. 

Finally, if 0<a@<1, then from the point p=a, \=0, one may draw one 
tangent to our curve. As a result, the angle ¢ to begin with decreases to 
our minimum and then increases to the value arctglogz. From this, since 
w(p,a) =e** there follows the correctness of our assertion about w(p,q). 





Figure 4 


CLARKSON’S SECOND INEQUALITY. We assume for the sake of definiteness 
that ¢>y>0 and consider the function 


Pp 
ee pai dd Be. 
F (9) =((*42P 7 +(52yf "PO —F ter torn: 
l< p< 2. (3.10) 
Obviously if ¢=y, then F(¢)=0. Furthermore, we have 





sae a ae 
a (YHA T™ belCaF 
Pp 


ie 
Hy 











We put 
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Then 








a—y¥ I ' pi —2 
=] — = —_-L25>>-"—" 
2 a a a satan 
Therefore 
_1_ yp'—3 
aF 2-4 (1 — 2p 
[2° + (1-2 
Poff 9(’—1)}?'—? 
ss asco le 


asin Lemma3: 
w (p’—1) 
w(p’) 
As a consequence, F(¢) is a decreasing function, and since for ¢=y 


F(¢) =0, it follows that F(¢) <0 for ¢>y. 
Obviously, we have the inequality 


<1, p’—2>0. 


[ter glee Pp Ler pierce (3.13) 


for 1<p2 and arbitrary ¢ and y. 
For the proof of the second inequality of Clarkson, we apply the reverse 
Minkowski inequality 








1 1 1 
[fleltiptae]*> [fiettae|+[f ivitae]’s 
O<g <1, (3.14) 
= 2. 
We set in (3.14) xa [epee y=|S P, g@=p—1. We ob- 
tain 
Pp ? 1 ! 











Yo P > [flee P 4 
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and using (3.13), we obtain the second acai inequality: 
1 
estos fers 
2 


<[y flePaots fly rao]? Pm 1 cp<2 (3.15) 
2 2 


Let ¢ and y be two unit vectors. The sum (¢+ y)/2 represents the mid- 
point of their chord, the length of the.chord being equal to ||¢—¥||. 

Clarkson’s inequality enables one to assert that the midpoint of each 
chord having a given definite length 6 will have its norm strictly less than 
some number 7(5) <1, i.e., will actually lie in the interior of the unit 
sphere. This property may be called the uniform convexity of the unit 
sphere. 

3. THEOREM ON THE GENERAL FORM OF LINEAR FUNCTIONALS. 





THEOREM. Every linear functional on L, may be represented in the form 
lo= f eho dv, (3.16) 
2 


where 
1 1 
Wee Ls: (5 es 1). 
wm EL, p veg? 
PROOF. Set sup |/¢| =g. This means that there exists a sequence } dy}, 
hot =1 


|| ¢s|| =1, such that lim l¢,=g. We shall show that | ¢,} converges strongly. 


k—o@ 


Assume the contrary. Then there exists an ¢)>0 such that we may find 
pairs of numbers n, and m, (ny—&, m,— ~, as R—@) such that 


| Dm, —on, I > €. 


Applying Clarkson’s inequality (3.7) to the functions om, and on, if p22, 
and (3.15) if 1<p <2, we obtain 














Pmp + Pr, Pan 
[fe Pou fy ised SL 2 (p > 2) 
+ =T = 

g ny |P ? ? 7 

ee | fice PE ‘<1. (1p <2) 

















It follows from this that 


[fee | cin, (3.17) 


where 7>0 and does not depend on k. 
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We consider x;= (¢m,+¢n,)/ll¢m,+¢n,||. We have ||x.||=1. From the 
distributivity of linear functionals, we have: 


1 
x (lem, + ln) 
1—y 


1 
| Fmy + Pnz 
2 


1 
LYyn= > [m+ &n,] 











However, !¢m,—8, !¢n,—g, from which it follows that for sufficiently large 
k, we will have: 


ge 
Lyx > i= oe 





which contradicts the fact that sup /¢=g. 
lof =1 


The sequence } ¢,,} converges strongly and by virtue of the completeness 
of L, it hasa limit element ¢.€L,. 

Obviously || ¢o|| = 1. 

REMARK. From this argument follows the uniqueness of the function 
do L, such that || ¢o|| =1 and l¢9=g, since otherwise we could construct 
a divergent sequence for which lim/¢,=g, which is impossible. 

We shall show that 


lo=g f [l¢ol?~* sign e] o dv (3.18) 
2 


or, putting g|¢o|”~'sign ¢o= yo: 
lo= f Yop dv. 
2 


Lemna 4. If for an arbitrary function yEL, 
f [leol?-* sign eq] paw =0, (3:19) 
2 


then ly=0. 


Proor. We consider y(A) =/((¢o+A¥) /||¢o+AY¥ ||), where » #cdo. 

Since || (¢o+A¥)/l]¢o+Avl|l] =1 and since for 440, (go+A¥)/l| ¢o+ A¥ll # 
do, therefore y(A) <g, while the equality holds only for \=0. As a result 
y(d) has a maximum for \=0. If y’(0) exists, then y’(0) =0. It is not hard 
to convince oneself of the existence of this derivative. 

Differentiating formally, we have 
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‘a]- 


Lintmiag[fitaral = $[ inure} 
x p{ | oy Ay |? -? sign (g++ AY) y dv, 


and since the integral f; |¢o+Av|?"'sign (do + Av) ¥du converges uniformly, 
the formal differentiation with respect to \ is valid. Further, 


7 
(Flee + Av), _ j= flrole de |” ft 9o|?-! sign oo] 4 do, 
Q Q 


and therefore, 


y' (Q= 7 __®, lzol?-? f [l¢oP-tsign oq] 4 av, 
2 





Il Fo Il II Gy Il? 


from which by virtue of (3.19) it follows that ly=0, and the lemma is 
proved. 
We now establish (3.18). Let ¢€L, be an arbitrary function. We put 
a= f [le [e-1 sign 99] 9 dv. 
Q 
Then y= ¢— a@y satisfies (3.19), since 


f [| 9ol¥-! sign 29] (? — 299) du—= 2 —a fleol?-"! | dv=a—a==0, 
Q 2 


Consequently, ly=l¢— aldy=0, i.e., 
lo = algy = g f [] ¥o|?~' sign 9] ¢ av, 
Q 


and (3.18) is established. 
Since ¢,€L,, it follows that 


Pe 
|| Go|P~ sign oq)?" = [ [9 |P-'JP—1 = | Z|, 
and as a result, 
Y= 819% [P~! sign % E Lp, G+o= 1), 
from which ||y[,,.=g. In this way, we obtain from (3.18) 
lo = f yao, v) E Lp: ’ 
2 


and the theorem is proved. In addition, obviously ||/|| =g. 
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RemaRK. It follows from (3.16) that every linear functional on L, 
corresponds to a function yEL,, and conversely, every yCL, generates 
a linear functional on L,. The spaces L, and L, are said to be mutually 
conjugate functional spaces. 


4. CONVERGENCE OF FUNCTIONALS. The concept of convergence is easily 
extended to functional spaces. 


We shall say that a sequence of functionals |/,} is weakly convergent if 
for each element ¢ from L, there exists the limit 


lim 1,0 = lg. 
kao 


The limit is obviously an additive functional, since 


Ly (44°2) + Gg) = lim fy (ay 9, + @o%q) = lim (ay hy) + Agha) = 
k->0o k>o~ 
= a, lim 1,9, +> ag lim [9 = ayly2, +> Aglo?o. 
ko k>o 


If the limit function lp is bounded, then it will also be continuous, 1.e., 
linear. 
We establish the theorem. 


THEOREM 1. The space L l.e., the space of functionals for L,, is complete 
in the sense of weak convergence. In other words, every sequence which is 
weakly convergent has its limit a linear functional. 


Obviously it suffices to show the boundedness of every weakly con- 
vergent sequence of functionals. There will follow from this the bounded- 
ness of the limit functional. 


We show the correctness of a proposition from which this will follow. 


THEOREM 2. I[f a sequence of linear functionals 


ONG CMe Cae error (3.20) 
ts unbounded, 1.e., if it takes on the unit sphere in L, arbitrarily large values, 
then one can find an element w of L,on which this sequence diverges. 


The idea of the proof consists in choosing from the sequence of func- 
tionals (3.20) a subsequence 


My Mls cacetog: Hbgy aa, (3.21) 
where 
, (S=1, 2,...), &, > 00 for 5—co 


and 
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m,o= f %2dv, Ely (3.22) 


Corresponding to the m,, we introduce the system of w,CL,: 


__ | 4 |? ~' sign 4, 


ee PO 
Obviously, 
weELy, lmsll = 1, (mg) = [14s Lp! 
We form a series with the functions «,: 
co fs 
Oy = Daas (3.23) 
&8&= 
where 
1 
a,= ||$,|| ?- 


The series will converge in L, if we have convergence for the series 
> |l¥s|| -'”. As we show for a suitable choice of the }m,!, the series (3.23) 
turns out to be strongly convergent to the element wo, and the sequence 
lw) will be convergent. 

The sequence m, will be constructed inductively. Suppose m, has been 
chosen: we shall show how m,., must be chosen. 

We consider the sequence (1, w,), (l2ws),- - -,(Ijws),-- -. If it is unbound- 
ed, then the theorem has been proved. If the sequence is bounded, we put 


We have 


AAS i Ave. 


Each functional /, of the sequence (3.20) corresponds to ¥,€L,-: such that 
the norm of J, is equal to || ¥4|| ly Since the sequence (3.20) is unbounded 
and a fortiori these } ||¥,|| | will be unbounded, therefore as m,.,; we can 
always choose an {, which satisfies the inequalities. 


Itallz,,>1 (s=1, 2,...), (3.24) 
1 
Yonille > 4(Ar+Ao+ --- +A4,), (3.25) 
Pp 
IYerrlty, > POF Allyslltgs G<s). (3.26) 


By virtue of (3.24) and (3.26), we have ||¥.||,,.>3°°"", from which it 
follows that the series )-a,=)_||¥.||~!2 converges and thereby the series 
(3.23) converges on L,. Therefore 


SPECIAL PROBLEMS OF FUNCTIONAL ANALYSIS 


te 
~] 


s8—i 


| m, ol = 1D fp Oj a Altea T Dy an, w,| > a _su, — 


s—1 


| Sapna] —| > atmo) (3.27) 


We have 
1 
ZI. . = Ivell NGI = | | : (3.28) 
By virtue of (3.24) and (3.25), we have: 
y—1 s—1 s—1 2 
| ajo; | be a mw; < BA < (23 (3.29) 
j=! j=l 
From (3.26), changing notation, we ne find: 
_1 oe 
a;= |l9l| ? San =%ell 73 J >, 
from which 
I oO _ i 
| ‘=! 
jw ip Pics 
| 2 tamed 2 Sealltell "We 
1 
1 @ sy 
sy lb te Il? (3.30) 
= Il? Bga Set 


Then from (3.27), (3.28), (3.29), (3.30), we obtain 


] ee 
| 5% | > Fl Yell ae va 


whence clearly it follows that l,w 9 cannot converge to any limit with 
increasing k. The theorem is proved. Hence, if a sequence {/,} converges 
weakly, it cannot be unbounded and therefore for all 6€L, we have 


[fo2 1 == [Him 1,9 | = him | he] <AlY, (3.31) 
k>w k>o 


where A is the common bound on the norm of all the /,. Thus the func- 
tional J, is bounded and therefore continuous. The theorem on the com- 
pleteness of L, is thereby proved. 

WEAK CONVERGENCE IN L,. A sequence of functions |¢,} is said to be 
weakly convergent to the function ¢o if for an arbitrary function /EL} 
we have 


lim L¢4. == ly. (3.32) 
kyo 


In the space L, the set of functionals coincides with the space L,:. There- 
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fore the formula (3.32) will hold whenever the functionals /,C L¥., corre- 
sponding to the ¢, converge to the functional /,>CL}., corresponding to 
¢o. We have finally on the space L, two forms of convergence: strong and 
weak, the latter being written 


Sh So 


Obviously from the strong convergence ¢,=> ¢ there follows the weak 
convergence ¢,—#¢o. The converse is not always true. We give an example 
of a weakly convergent sequence which does not converge strongly. 

EXAMPLE. Let Q= [0,27], p=2, (x) =sinkx. Then sinkx—0 since for 
an arbitrary function yELy, 


[ ¥(x) sin kx dx = 7, 0, 


in view of the fact that 


ita 


Si= fra 
0 


eC 
i.e., the series >) 4; is convergent. But sinkx0, since 
eee an 
f sint?kx dx == 70. 
0 
REMARK. Theorem 2 may be formulated in terms of the weak con- 
vergence of functions as: an unbounded sequence of functions cannot be 
weakly convergent. 


§4. Compactness of spaces. 

1. DEFINITION OF COMPACTNESS. A set M is called compact if from each 
infinite subset one can choose a convergent sequence. 

EXAMPLES. 1. Every bounded set of points of the plane is compact (the 
Bolzano-Weierstrass principle). 

2. Compactness in the space of continuous functions is established by 
Arzela’s theorem: if a family of functions |¢{ is uniformly bounded and 
equicontinuous, then it is compact (i.e., if |¢|<A and if for «>0 one can 
find 6(e)>0 such that for all # in the family, |¢(p+Q) —4(p)| <e when- 
ever |Q| <é(«), then the family {¢| is compact). 

CoMPACTNESS IN L,. Corresponding to the two forms of convergence in 
L,, we distinguish between strong and weak compactness. 

1. A set of functions {¢!CJL, is called weakly compact if any infinite 
subset of it contains a weakly convergent sequence. 
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2. A set of functions {¢}CL, is called strongly compact if any infinite 
subset of it contains a strongly convergent sequence. 


2. A THEOREM ON WEAK COMPACTNESS. In order that a set X CL, should 
be weakly compact it ts necessary and sufficient that tt should be bounded. 


PROOF OF NECESSITY. The necessity of the condition follows simply 
from the theorem on the weak completeness of Ly. 

If the set X is unbounded, then from it we may choose a sequence | ¢;! 
such that ||¢, || — ©, and from which on the basis of the remark in §3, 
item 4, we cannot choose a weakly convergent sequence, and consequently, 
the set X cannot be compact. 

PROOF OF SUFFICIENCY. Suppose that for all ¢EXCL,, 


leI|< A. (4.1) 


We consider the conjugate space L,.. It is separable (§2, item 4). Let 
us denote a net which is everywhere dense in L, by 


Ss Westen Mey gues (4.2) 


Let {¢,} be an arbitrary infinite sequence CX. We shall show that 
from it we can choose a weakly convergent subsequence. Take y, and 
consider the sequence of numbers (¢k¥1) = Jo ¢,¥idu=a}”. This sequence 
is bounded: |a;"| < Aly, ||, and from it we may choose a convergent sub- 
sequence, corresponding to a subsequence 

of), of) er of, ees fobs, dv — a") for k > oo. 
2 
Consider y». The sequence of numbers af’ = (¢!’, ¥.) is bounded and from 
it we may choose a convergent subsequence, corresponding to the sub- 
sequence ¢\”, 6)", + «66° > Sy bf Yodv—a"™' for kR— @. 

Continuing this process, we obtain a series of convergent sequences of 
numbers a{” and corresponding sequences of functionals, all obtained from 
the sequence |¢,} and such that each of them is a subsequence of the 
preceding. 

{ox} c [ef Me {o,) and af) — f oly, du — q’®) 
for kR—o and s=1, 2, 3,---. . 

By the diagonal process we may select the sequence {¢;"’}, which is 

weakly convergent on the whole countable dense set {¥,}, i.e., 
ite= f eeigdv > a” 
L 


=i), for k > oo and s=1,-2, 3, ...; 


[fyi <A los. 
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The convergence of }/,! on the set |y¥,} implies its convergence every- 
where. 
For in fact, every element yCL, may be represented in the form 


yay, 
where ||¥’|| <«, and y, is an element from our net (4.2). Then by virtue 
of the boundedness of all the /,, we have 


| b), g— b9,| < Ae, 
: | bald as Bal ~ Az 
for arbitrary k and m. 
Furthermore, 


| Ln? oo Ly? | < | a?s — las | = 2Aé, 


and choosing sufficiently large m and k, we obtain: 


[ont — ly | <3A =, 
from which follows the convergence of the functionals /, on y. As shown 
earlier, the limit /y will be a linear functional on L, and may therefore 
be written in the form ly= fo ydv. Thus, for every yCL,, we have 
Sn oy ydv— f, dovdv, and consequently, for every functional from L; 
it follows that (/¢;’)—(l¢o). Therefore the set X is weakly compact, as 
was to be proved. 


3. A THEOREM ON STRONG COMPACTNESS. In order that a set X CL, should 
be strongly compact, it is necessary and sufficient that 

(1) ||@l| <A forall ¢EX. (4.3) 

(2) The set X should be equicontinuous tn the large, t.e., for an arbitrary 
¢>0, one can find 5(c)>0 such that for all 6EX 


IQ =fleoP+Q—2(P)Pav<e, (4.4) 


if only |Q| <4(«). 


Lemma. The set XCL, will be strongly compact if and only if for every 
«>0 one can find a finite «-net in X, 1.e., a finite number of functions 
$1,62,- + sO, the functions of the net, such that for arbitrary ¢€X, one 
can find among the functions of the net a function ¢, for which ||o— ¢,|| <«. 


PROOF OF NECESSITY. Suppose that there existed an «,>0 such that 
one could not construct a finite «-net for it. This means that for any 
element ¢,CX, one can find ¢,€X such that ||¢,— ¢2|| >«o. The elements 4, 
and ¢ do not form an «-net, consequently one can find ¢,;€X such that 
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21 — Sgll > & and ||, — Pgl| > &- 


Continuing this process indefinitely, we construct an infinite sequence 
1¢x}CX such that || ¢;— ¢,|| >eo for +k. Obviously from this sequence 
one cannot choose a strongly convergent subsequence, which contradicts 
the assumption of the strong compactness of X. The necessity of the 
condition is proved. 

PROOF OF SUFFICIENCY. Suppose that X is such that in it one can con- 
struct finite e-nets for arbitrary «>0 (and for which moreover this is 
possible for each of its subsets). Let Y,;\C X be an arbitrary infinite subset. 
We construct in it a finite (4)-net, o{",6$",- - -,oN\. For arbitrary ¢€ Y, we 
can find ¢{" such that ||}¢—¢{"|| <5. Let Y! be the set of functions 
CY, and at distance from ¢! less than 1/2”. At least one of the Y{° is 
infinite since Y, is an infinite set. We denote it by Y, and construct on it 
a 1/2’-net. Repeating this process, we obtain on the kth step YpC Yx_1C 
-++CY,CY, and onit a (1/2")-net 6!" .95",- - -,oXj. Let ¢ and @”CYs. 
Then ||¢’— 4” || S lo’ — dall + ]o” — dal] $ 1/2") + 1/2‘) = 1/2" Le., an ar- 
bitrary pair of functions from Y, differ from one another by not more than 
1/2°~". 

The sequence of functions }¢,|, where ¢,€ Y;, will be strongly con- 
vergent — since || ¢,1_— ¢s|| <1/2*"'<e for sufficiently large k (¢hi1mE 
YuamC Y, for arbitrary m). Thus from Y;CX we have extracted a strongly 
convergent sequence, and consequently X is compact. 

4. PROOF OF THE THEOREM ON STRONG COMPACTNESS. 

1. SUFFICIENCY. We consider a family {¢}=X satisfying the conditions 
(4.3) and (4.4). For convenience we introduce a domain 2,2 such that 
any sphere of radius h<6 with center in 2 will lie in the interior 2. Let 
¢=0 be outside of 2. We construct a family of averaged functions for each 
¢€X by means of the family of kernels w(Q, h) (§2, item 4). 


1 


A's, 


en (P) = gar f (P,)o(P—B,, h) dey. (4.5) 


g 


By the estimates of §2, item 4: ||¢,—¢|| <Kd,(h), where K does not 
depend upon the particular function of the family or upon the parameter 
h of the kernel, and J,(h) =supg yl (Q)i By condition (4.4), for a given 
€>0O one can find 6(e) >0 such that for h <6(e) 


itn —ell<z forall g€x. (4.6) 
Then an ¢/2 net for {¢,} will be an e-net for {¢}. 


If we now establish the compactness of the family of averaged functions, 
by the basic lemma there will follow from this existence for the averaged 
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functions of finite «/2 nets. This means that in the set X, we may con- 
struct finite «-nets for arbitrary «. By the basic lemma once more, X will 
be compact. In order to show the compactness of {¢,}, we show that {du} 
for given A are uniformly bounded and equicontinuous. Then by Arzela’s 
theorem, this set of functions will be compact in the sense of uniform con- 
vergence and a fortiori in the sense of convergence in L,. But for suffi- 
ciently small |Q|, by virtue of the continuity of the kernel: 


> > > > > 
|p (P; —P —Q) — a, (Pi — P)I< a, 


from which 


| on (P+Q)—9,(P)|= 





1 > > > > > > 
a { 2(Pi) fo (P,-P—Q)—0,(P, —P)] dv,|< 


2 





< 





2. [jo@)Pav,\7 =. lei<a- 
2 


and for sufficiently small 1Q| and fixed h 


(P+ 0) —e(P 
1+, (P+ Q)—9or,(P) |<, 


i.e., |@,!/ is equicontinuous. 
The uniform boundedness follows from the estimate: 


on Pi< {el fied, — Br do, ]F [fig Por av,P} < Sa. 
2, Q, 


Thus, the family |¢,} is compact, and by the lemma, we may construct 
on it a finite («/2)-net. This will be a finite e-net for X and, as a result, 
by the lemma, X is strongly compact as was to be proved. 

2. Necessity. Let X be strongly compact. Then it is weakly compact 
and by the theorem on weak compactness for all ¢€X we have |\¢|| <A, 
i.e., the necessity of condition (4.3) is established. 

By the lemma there exists a finite (e/3)-net }¢,! (Rk=1,2,---,N). 
Each one of the functions ¢, is continuous in the large, and since there 
a finite number, for a given « we may find 6(e/3) >0 such that 


> > > ae c 
[flaP+G—eaPpralr<s, G=12,..., 9), 
Q 


if |Q| <6. 
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Take an arbitrary function ¢© X and choose the nearest ¢, to it from 
the («/3)-net. Using the Minkowski inequality, we obtain: 


[fie@+O—- 2(P)P ao]? = 
=| fleP+O—nb+o+a +5 — 
— P+ (P)—0 Op ao]? < 
<|flee+O—2 (P+ OP do]? + 

+ fies P+9—e()P dole + [ fie —2F) Pavl? < 


<gt gt y=e for lOl<8, 


i.e., for all 6X for the given «, we may give 6 such that J,(Q) <e¢ when- 
ever |Q| <6, and consequently, the necessity of condition (4.4) has been 
shown. 


§5. Generalized derivatives. 

1. BASIC DEFINITIONS. Suppose that ¢ is given on the whole space and 
summable on every bounded domain. 

We consider a function y continuous together with all its derivatives 
up to order / inclusive and equal to zero outside some bounded domain V,. 

If ¢ has continuous derivatives, then: 


; U 
[ls a a @ ie aes 9 a a a « 
OX: ave 0x,” Ox. wearOx, 2 


dv=0. (5.1) 


Suppose now that we know nothing about the existence of derivatives 
of ¢ and suppose that there exists a function wa,a9...., Which is summable 
and satisfies the equation 


i 
[eH en ]@o=0 (5.2) 
‘ OX; seu 04,2 _ 
for all functions y from the class considered. Then we set 
ale 


4 = a 4 a 
YO Oxy um OF? 


Daa, ... 2 


(5.3) 
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’ 


and call w,,.)...., 2 ‘generalized derivative” of the function 4. 

REMARK. The equation (5.3), by the basic lemma of the calculus of vari- 
ations, is true in the ordinary sense almost everywhere if ¢ admits the 
corresponding derivatives and the integration by parts is justified. 


The new definition of derivatives does not coincide with the definition 


of derivatives almost everywhere, as is shown by examples. 

EXAMPLE 1. Let 4(x) be continuous on (0, 1] but not absolutely continu- 
ous. If ¢(x) has a generalized derivative w(x). then for every ¥(x), con- 
tinuous together with its first derivative and vanishing outside (e, 1—.) 
(0<e<3), we have the equation: 


J 


(coe er (x) dx. 


9 


Let 2(x) = fi w(t)dt. Then 


ay 


— fereyera fc ) % ax, 
and consequently, we have 


1 
: d 
ftz—2 oli ax =o, 
0 


from which, by virtue of the arbitrariness of dy dx, satisfying only the 
condition ,f'd¥dx;dx=0, will follow ¢—9(x)=C, i.e., e=Q(x) +C, and 
consequently ¢(x) is absolutely continuous. which contradicts the assump- 
tion. Thus, ¢(x) does not have a generalized derivative. For this reason, 
if ¢(x) is continuous and has a derivative dg dx almost everywhere but 
is not absolutely continuous, then it does not have a generalized derivative. 
Thus, from the existence of the derivative almost everywhere. does not 
follow the existence of the generalized derivative. 

EXAMPLE 2. We consider the function of two variables ¢(x, ¥) =f;(x) + 
f2(v), where neither /,(x) nor f2(¥) is differentiable: then ¢(x, v) does not 
have derivatives in the ordinary sense, but the generalized derivative 
0°¢/dxdy exists and is equal to zero. Indeed: 


ory onl 
Je Ox Oy w= [AO) gray Ot [AW tay 


But on the boundary dy¥/dx and d¥/a@y=0, and therefore 
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at b $4 (Z) 
Rieger ie 1), soy dy ax = 
Q v(x 


y=%,(Z) 


= r, (x) [se] a 0,. 


and analogously 


ou 
[fe () agp 10 = 0. 
1° 


Consequently, 


as was to be proved.” 
2. DERIVATIVES OF AVERAGED FUNCTIONS. 


EXISTENCE OF GENERALIZED DERIVATIVES. Derivatives of averaged 
functions are equal to the averaged functions of the generalized derivatives 


a =|. =] (5.4 
Oxi'0x57 22. Axim baxter? ... axin, oe 
PROOF. 
> 1 > > > 
SP) = oe % (P,),(P,— P) dv, 
2 
where 
> > 
P= (Xj, XQ, 6-6) Xn)i Py =(Ns Vor 0 Vn) 


> > 
O7wp (Py — P) 


0%@ 1 > 
A a = yAn fe (Py) a a 4 
OX, O%5 34650%,9 


Ox;'Ox." ... ax.” 





Uy. 


> > 
=f» 2 (P,) Gon (Pi—P) 
Oy; dys" os ay," 


By the definition of the generalized derivative, for every ¥ we have equa- 


Vy : : ae . 
There can exist at most one generalized derivative w.,...o, of the function o. If 


there were two: wer. -+o, and we then on the basis of (5.2) we would have 


“an? 


Jon yee, Fd =O 


; a) (2) 
from which by the arbitrariness of 4 we would have u =wW almost everywhere. 


a} ‘an al "' tan 


Thus generalized derivatives are uniquely defined (up to a set of measure zero). 
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tion (5.2). Taking y= on(P, —P), we obtain 





a" 1 ant 
ay a : a at “An f Oy, (P, a P)- a sa dv, oe 
Ox, dx, ... ax,” * yoy . oy,” 


as was to be proved. 


Coro.iary. If ¢ ts a summable function and 


0’y 
@, a € Lp, 
Ox, «+. Ox,* 
then 
0°%), 8 0°9 
a ay 


a % ay 
nm 
Ox, Ox,” ... Ox Ox, Ox," « 


n 


—in Ly, 
. oxen 


which follows from the properties of averaged functions. 


THEOREM. If a given summable function ¢ can be approximated by a 
sequence of continuously differentiable functions y(P) (kR=0,1,.2,---) in 
the sense that for every function ¥ , continuous and such that ¥ =0 outside 
of V,CQ, we have 


: > > > > 
lim [ e(P)¥(P)du= f ¢ (P)y (Pyar, (5.5) 
Q 
and eh inadiivion: ; 
0°9 Pp 
k du<A(Q), (5.6) 
Oxy' Ox," ... Ox,” 








then the generalized derivative exists 
eres, eee! 
Ox; Ox, i002," 
ProoFr. From the boundedness of the integrals (5.6) follows the weak 


ony 


compactness in L, of the sequence {6"¢,/(dx:'dxy°- - -dx%") |, and conse- 
quently there exists a weakly convergent Sunecient 


O79, 
1 
Ox," Ox, ... Ox,” 4 


(Where wWajay---an ep). We have the equation: 
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ary ay, 
i fa ax” a aa a, “s -} do =0 
te 


2 Xy se. OX," 
for all y continuous with all derivatives up to order a and vanishing out- 
side V,CQ. 

Passing to the limit for kj ~~, we obtain: 
[ e— OP (1 he, sg, dv = 0, 
$ Ox," : Sic025” 
which establishes the theorem. 


Remark. By virtue of (3.31), /ala,...,,/dv<A(Q), since Voy ---an§ = Le 
and is the weak limit of d°@,/(@x{!---dx%"). 


Coro.iary. [f the set of derivatives of ath order of the averaged functions 
is weakly compact, then the given function has generalized derivatives of ath 
order. 


3. RULES OF DIFFERENTIATION. From the definition of generalized de- 
rivatives follow the assertions: 


(1) If @; and ¢ have generalized derivatives of a given order 


0°94 0°9» 
a, — nd “Sa a 
OX, 20 OX,P OX, 4.0 0x," 


? 


and if c,; and cy are constants, then c,\¢,+Cod> has generalized derivatives 
of the same order. 
O° (cx?1 + Co?) = 0°91 ++ ¢, — O° Fo. —. 
Ox," 


G5 Gy a 1 4 a 
OX, OX, ... Ox," OX, OX, «2+ OX_," ¢ oe30e,* 


The proof is obvious. 


(2) If has the generalized derivative 
0° 


a Gy a 
Oxy' Ox, ... Ox," 





= w(X,, X,..., X,) and w(x, X,..., X,) 


has the generalized derivative 
"ww 

a ee = A(X, ees Xn) then A(x,, Xo, ey Xy) 

Ox, OX, «.. Ox," 


is the generalized derivative of ¢ of order a+ 8: 
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0% + Be 


4a +o 


i= 
a,+8, Ox, 


Ox, a+ Ba, 


nm 


. Ox 


Proor. Let ¥ have continuous derivatives up to ordera+f/ on the 
whole space and be equal to zero outside some domain V,C®. Then 
Ow / (Axi. » -axt) = Wyo ty has continuous derivatives up to order a and is 
equal to zero outside of V,. 

From the definition of generalized derivatives there follows: 


“ee 


Bu 
ies et 22 av = (—1)' Jota nas du= 
‘axe 3 ” 
ONS apr “y 
ony 
5. OXON, on50%," 
Ott hy 
= (—1)7t? | ¢ — Tr, 

J oe faa OX in? Pn 


which in view of the arbitrariness of y establishes the assertion. 
(3) If ¢: and 061/dx,E Ly, 2 and d¢2/dx,CL,, then the product $,¢2 has 
the generalized derivative 





9 (H1¥2) __ O72 0% 
ee ae ant 20x, : 


Indeed, ¢,€L, and ¢.€L,-, and therefore ¢;¢2 is summable. Analo- 
gously, ¢:(d%2/dx1), 2(db,/dx,), and $,(062/dX1) +2(0¢,/0x,) are summa- 


ble. Let ¢,, and ¢» be the averaged functions for ¢, and ¢,. By the prop- 
erties of the averaged functions, we have: P 
= Oth 9% Loe >, 7, Ch => =¥2 in Ly. 
fin => Ox, > Oxy in pr Fan 7" 22) Ox SO Oxy 
Suppose that y is continuous with its derivatives of first order on the 
whole space and is equal to zero outside V,CQ. Suppose |¥|, |d¢ dx,| <A. 
Then 


| f ne — 199) sh av] <A f | einen ti¢al do = 
2 @ 





=A f lei (2an—%2) +22(2in— Sd dV <A f leunl- |4on—P2l dv + 
ca] Y 

Bae, f lel: lin — Plo <All ialle, Ii ¢on — Selly F 
2 


Tl 





Palle lin — Fille] + 0 for & — 0, 
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i.e., 


f ewe Ze dv — fom te dv, for h > 0. 


2 


Analogously, one shows 


OF2n ? 0? 
[( Fin or? on Get) y do flngh+15 Fa) dv. 














2 
Then from the obvious equation 
ou z F) 
f Pinan Fe du= — fy (en a th to, sth) a uv 
= g 
for h—-0 follows 
OO pe, Bs 5 OF Ov 
J ores — [42 1 aoe 29 st) du, 
og 2 


and this means that 


ont on ode 
REMARK. If ¢, and ¢, have continuous derivatives up to order a, then 
___ 9? (1%) _ 
GL Ox ave ax? 
- » > nea aa a ae 3 ee ead ee ee 
a0 A =8 MON eae G4 ox” 


where Cy,,,...4, are the binomial coefficients, and just the ones which ap- 
pear in the corresponding formula for continuously differentiable functions. 

This same formula is correct if 4, and #9 lie in L, and L,, respectively, 
and have all the generalized derivatives occurring on the right hand side, 
with the derivatives of #, lying in L, and the derivatives of @.€L,. The 
proof is analogous to the one just given. 

4. INDEPENDENCE OF THE DOMAIN. Let ¢ and X be two summable func- 
tions on @. If \ is the generalized derivative of ¢ 


079 


\=——t_ ar 
08, ven0e, 


on, then A is the generalized derivative of ¢ on an arbitrary subset of 
Q, as easily follows from the definition of generalized derivatives. Thus, 
although the definition of the generalized derivative is in the large, its 
character in an arbitrary neighborhood of any point is defined by the local 
properties of the function ¢. We consider the possibility of extending the 
domain of the initial definition of the generalized derivative. 
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As a preliminary, we establish a lemma. 


Lemma. Let ¢ and X be summable functions on Q, for which on every 
sphere of radius less than some 6>0 lying within Q,\ ts the generalized deriva- 
tive of ¢: 
se 





Then } ts the generalized derivative of ¢ on Q. 


We denote by ®, the set of all the points of 2 whose distance from the 
boundary is greater than 6. Then the sphere C,(P) with center at an 
arbitrary point of 2, with radius h (h<6) liesin Q. Let A, be the averaged 
function of X with respect to the kernel w,(P,—P). Using the definition 
of the generalized derivative, we have for an arbitrary point PEQ, 


m= fro, do—(— 1) f ¢—— 2 av = 
> 


0 . Oy,” 
> 2 
C, (P) Cy) : 
oO? 
=(—1) f 19 av = 
> 1: 0x,” 
C, (P) 
(kd ay 
— 2 [ yo, du = : th a 
Ox,' Ox ty Ox, ' ox” 
Ch (P) 


Thus the averaged function ), is the derivative of the averaged function 
én. For h—O, \,=>d on an arbitrary Q, (6>0) and consequently 


0%» (SUN 33 
a, => A 


Oxi xy 6. Ox, 
on an arbitrary Q,. Similarly 
th => © 
From this, taking the limit as h—0O of the obvious equality 
Jvrrae = (1) fen ——_—— dv 
Oxy... 


(y =0 outside of 2, and has continuous derivatives up to order a on the 
whole space), we arrive at the equality: 
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f wav =(—1) fe : 
2, e OX, ... Ox," 
and the lemma is proved. 
Let 2 and 2” be two arbitrary domains. Obviously 


24) 4 OF) — (2M 4. QM), 
If for some 6>0, we can find 6’ (0<é6’ <6) such that 
(2M +4 9), — ot) 4+ OF, 


then the pair of domains 2” and 2” will be called summable. 


THEOREM. Let Q™ and be a summable pair of domains having the inter- 
section QQ, Let ¢, be defined on 2g. 0nQ™, and ¢,=¢) on QQ” (with 
the exception of a set of measure zero). 

Suppose that ¢, has on 2"? the generalized derivative 4°¢,/dx}!---dx" and 
$) on” has the generalized derivative 0%¢)/dxj!---dx". Then the function ¢ 
defined on Q' +0” by 


o=| 9, for Q() 
%, for Q(2) 


has on 0") +0”) the generalized derivative equal to 


0°44 


The proof of this theorem presents no difficulty. By virtue of the fact 
that d,=¢, on 22”) we have 0%, /dxt!---Gx8" = 0%G/dx4!---dxt7 on AVN? 
which follows from the local character of the generalized derivative. 
Thereby the right hand side of the formula (5.7) is consistent on 2''Q”). 

Obviously it suffices to show that \ is the generalized derivative of ¢ 
on an arbitrary closed domain lying within (2"’+0”). We shall prove it 
for (2 +0”),, where 6>0 is arbitrarily small, since an arbitrary closed 
domain lies in (2° +2), for some 6>0. 

Since the pair of domains 2" and 9” issummable, (2 +0),Ca}!+ 
Q;” for some 6’>0, and consequently each point PE(2"" +2"), lies in at 
least one of the domains 9’, 9;”. Suppose PEQ;”. 

Then the sphere C,(P)C2"’, where d coincides with 0°¢,/dx;!-.-dx%" and 
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ra) coincides with ¢,. Therefore \ is the generalized derivative of ¢ on 
C,(P) for any PE (A +9), By the basic lemma, 2 is the generalized 
derivative of ¢ on (2+0”),. By virtue of the arbitrariness of 4, \ is the 
generalized derivative of ¢ on XN +0”. 


§6. Properties of integrals of potential type. 

1. INTEGRALS OF POTENTIAL TYPE. CONTINUITY. Suppose fEL, (p> 1) 
on the unbounded space of n variables, while f= 0 outside of some bounded 
domain 2. 

We construct the function 


U(Q= fr-¥(Pydvg, (6.1) 
reoR 


where \ is a number, 


27 


O<k <n r=|P—Ol=Y D(x —yi. P(x;), QO) 
=1 
r<R isa sphere including the domain 0 in its interior. 


THEOREM 1. If \X<n/p’, ((1/p)+(1/p’)=1), then U(Q) is unbounded 
and continuous and satisfies the inequality 


|U(Q)| < Kifllz, (6.2) 


Proor. We have Ap’ <n. Therefore the integral /7<,r~’’ dup converges 
and tends to zero as h—0. Using HdGlder’s inequality, we obtain: 
1 J 


f rf (P)dvs| < <{ J Irpaey { f rw'de\” < 
rgh 


rah 





eS 
<ifll,{ f real <e, (6.3) 
rgh 


if h is sufficiently small, independently of the position of the point Q. 
Since 


U (0) = f rotf (P) du+ f ros (P) du 


hercR argh 


and the first term on the right side is a continuous function of Q, U(Q) is 
continuous as the uniform limit of continuous functions. Applying the 
Holder inequality to (6.1), just as in (6.3), we find 
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> | ae a 
YQ) <Ifl,| f r-vaoel” — Kipy,,, 


r<R 


i.e., the estimate (6.2). The theorem is proved. 
2. MEMBERSHIP IN L,-. 


THEOREM 2. Consider the hyperplane of s variables y..1=YVs42= °° 
=0 and suppose that Q A Oe “1Ys) is a point of that hyperplane. Then, 
ree (n/p’) and (s/p)>d—(n/p’), ie., s>n—(n—d)p, then U(Q") 
summable (on an arbitrary finite domain af the hyperplane) to the power q*, 
where q*<q, (s/q)=—(n/p’), L.e., g=sp/(n—(n—d)p), and the inequality 
holds Eg 
IU Q)Ilz.< 





(6.4) 


(In those cases where we shall simultaneously meet L, spaces on 
Euclidean spaces of a different number of variables, we shall often 
designate these spaces by subscripts in the form L,.,.)” 

REMARK. It is probable that the number qg* may be taken equal to gq, 
but this has not yet been proved. 

ProoF. From the definition of g, it follows that g>p. 

Suppose that q* is some number satisfying the inequality 


p<q*<q. 


We put \= (n/p’) + (s/q*) —2e, where «= (s/2) ((1/q*) — (1/q)) > 0. From 
(6.1), we have 


VDL fe) (PEP) (-F*) cog 


r<R 


and applying the Holder inequality for three factors and putting A,;=1/q*, 
do = (q*— p)/g*p = (1/p) —(1/q*), A\3=1/p’ (obviously Ay +A2+A3=1), we 
obtain 


lU@1<{ f isp roe oaog| * | f If? dol? x 
rR rR ‘ 


x{ f ntp'edos \e 


r<R 
Taking into account the fact that the integral f.<gr”"*?‘dv converges 
This result for the case s=n was proved by S. L. Sobolev in somewhat stronger form 


for q*=q. For s<n, S. L. Sobolev proved this theorem for p=2, q*=2. The theorem 
proved in the text is due to V. I. KondraSov. 
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(since n—ep’<n) and that Sr<r|f|’du =||flZ,, we get 
P 


> =2 1 r 
VQ KI &{ f ifipcete dog le (65) 


TSR 
Raising (6.5) to the g*th power, integrating on the plane 
Vet+1 = Ve+2— ... =y, = 0 
and interchanging the order of integration, we find 


a 


ff. flO QO) dog < 
< KPIs Ie? f firels ee f root avr | dog. (6.6) 


rok 


We shall show that the integral 


s 
ee, 


Fo Prose dog 


is bounded. 7 
Indeed in polar coordinates in the plane of Q’, we will have: 


r= VEPA, dog = ptt de dal, (6.7) 


where h is the distance of the point P to the plane, dw‘ is the element 


of solid angle in the plane around the foot of the perpendicular dropped 
from P to that plane. 
If x, is the area of the sphere in s-dimensional space, then 


8 
— 


fon f ot dogy = 
r<k 
VR?—h R 


= [ (VRPR OT Poly Sng f ode = Ky. 
0 0 
Substituting in (6.6) and denoting K,K}* by K, we find: 


# 1 
—_———e 


IU (Qn HLS oo PLU CQ) dogh™ CK, 


which was to be proved. 
Suppose q,<q* Then: 
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po eS 
f Pe f | U (QU) | dvs) < 


oo q*—q, 


<[ foe fide degen [ Ff eogn) 


from which it follows that 





IUD, < clu Oz... 


and consequently that the inequality (6.4) is valid for arbitrary q, with 
1 <q,;<q* Consequently the condition that g*>p may be dropped and the 
theorem is completely proved. 

REMARK 1. The constants K in Theorems 1 and 2 depend exclusively 
upon the form of the domain and the constants 4, p, s, n, and q* but do not 
depend upon the function f(P). 

If the s-dimensional manifold is not a plane, then the theorem may be 
reduced to the preceding by a change of variables. One must assume that 
there exists a coordinate transformation which introduces only a finite 
distortion of distance (1.e., such that on bounded parts of the space, one 
can find constants M>m>0 such that m<p/r<M, where r is the dis- 
tance in the old system and p in the new) and which carries the manifold 
under consideration into a plane. 

REMARK 2. For the case s=n and R= o, a much stronger theorem may 
be proved: 


> > 
U(Q)EL,, IU (Q) In,< Kilfll_.? 
Dp 


§7. The spaces L{) and W?’. 

1. DEFINITIONS. 1. The linear manifold of all summable functions 
$(X,,X2,- - -,X,) having on a finite domain © all generalized derivatives of 
order |! summable to power p> 1, will be called W?’: 


! 
—__ is ae —€L,in2; Ya=/. 

OX; OX5. vi OX," 

2. By L;’ we will mean the set, the elements of which are the classes 
of elements in Wy having all derivatives of order / the same, i.e., ¢; and 


$2 will be said to lie in the same class in Ly’ if 


‘33 1. Sobolev, On a theorem of functional analysis, Mat. Sb. 4(1938), no. 3. 
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l 
Os = eo (Se: =) almost everywhere in 2. 
Ox ante? O24 545 05," 
The elements of i will be denoted by the letter y. Functions ¢ of the 
same class y will be said to be mutually equivalent. 

The elements of L!? may be added and multiplied by constants. Thus 
L'’ becomes a vector space. 

For the multiplication of the element y by a constant, it suffices to 
multiply by the constant all the functions ¢ lying in the class y. It is not 
difficult to see that in this way we will obtain elements of one and the 
same class. 

The class ¥,+y2 is obtained if we add in pairs all the elements from the 
classes ¥; and y». It is not hard to see that thereby there will be obtained 
elements of one and the same class. 

2. THE NORM IN L)’. By the norm of an element ¥ in L,;' we mean the 





number 
a 
de 9 PA ie 
—= ——— ee UV — 
al x) (ff Lae ee OX, | “2 
2 ra 
l 24> 2 
I! fe] 2 Dp 
={[ f y aoa lS “_~) | do a. 
2N a=! ai ae a 0x,” 
In some cases, where it causes no confusion, we shall write | ¢||, an for 


EC we, meaning by this the norm of the class ¥ to which @ belontes 

We note some of the simplest properties of the norm: 

I. |ja¢|| =|a| - |||, if@ is a constant. 

IT. |. ¢:+¢2]] S|] ¢,|] +] ¢2]) (the triangle inequality). 

III. If||¢|| =0, then ¢ is equivalent to zero, i.e.. it is given by a poly- 
nomial of order at most /—1. 

IV. The norm is invariant under every orthogonal transformation of 
the space of X),%2,- + -,Xp. 

The first property is completely obvious. We prove the validity of the 
triangle inequality, for which we employ the first representation for the 
norm. Then using the fact that (by the Minkowski inequality for p= 2): 








’ 0! O'ea y 
| aud (sm vo ONG) a OX; 66. OX, < 
N ( O! 90 Se tals 
a OXi, 6. OX), ) 





we will have: 
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Von 
les elle» <{{ V Dies is a S 
2 


Pp 


+ / 3G) 


Applying the Minkowski inequality once more, we obtain 


7 ol 2 
ler+ + alin < UL dG, rH, 
eer rs 
1 


HY LX Casta) | ae} 


The third property of the norm follows from the fact that if all the gen- 
eralized derivatives of /th order of some function ¢ are equal to zero, then 
all the generalized derivatives of order / of the averaged function ¢, are 
equal to zero. This means that the averaged function is a polynomial of 
degree at most !— 1. However, the limit of a sequence of polynomials of 
degree at most /— 1 can only be a polynomial of degree at most /—1, and 
it follows that ¢ is a polynomial of degree at most /—1. 

The invariance of the norm under orthogonal transformations of co- 
ordinates follows easily from the first representation of the norm, since 


the expression 
( aly 2 
OX, OX, ... Ox, ) 


is one of the invariants of the tensor 
ore 








p 1 
2 


fal 





= |? Io “e | Po I 


a) 


fur ba ooee Spel 

















ee = Vit, 0. 8,9 
OX, OX, Ox, aha 
We note also two inequalities: . 
l 7 3 
Joh <K, max |e _ (7.2) 
Ai, oe ma Ox, Ox,” ir 
ne Sa x 6 
a | <lel,e, (7.3) 
OX, oo OX, i, p 


In fact, the inequality (7.3) is obvious. The inequality (7.2) follows from 
the fact that 
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Applying the Minkowski inequality to the first part of the last inequal- 
itv, we obtain: 
n 


Ql 
le | aS 
lela< > Ox; OX; [ Ay MaX ay Oe |b 


Nipsse te] p same Fae 2 


where K, is the number of terms in the last sum. Thus (7.2) is proved. 
After the introduction of the norm, the manifold L;’ becomes a functional 
space. Later we shall introduce a norm in W,’. Therefore we may thence- 
forward consider W,’ as a functional space. 

3. DEcoMposITIONS OF Wy’ AND ITS NORMING. We consider also the 
space S, of all polynomials of degree at most !—1. This space can be con- 
sidered, obviously, as a subspace of the space W;’. The space L;’ appears, 
speaking algebraically, as the factor-space of Wy,’ by S,. 

By a projection operator in the space W,’ is meant an operator whose 
square coincides with itself 


W-= TIN <= Me. 


If some projection operator J], carries the space W;’ on the whole 
space S;, then it will be the identity operator on S). 

With the aid of each such a projection operator it 1s easy to construct 
a decomposition of the space W,’. We put: 


Il. e=e— Ibe. 
I,=<-IL. 


where E is the identity operator. 
The operator | J; will be in its turn a projection. In fact 


WW =«—-T) €-I= 
=€—271,+1,=4-I=M,, 


which was to be proved. 
An arbitrary element ¢ of W,’ may be represented in the form 


e=T,2+Me. 


The elements of the form ¢"=|];# constitute a subspace of the vector 
space W", since the sum of two such elements | ]}¢,+] [#2 may be put 
in the form ] [1(¢1+ 2) and thus again lies in this space. 

It is not hard to see that the space of elements of the form [lie is iSo- 
morphic to the space L\’, because each class in Lf’ will correspond to 


only one element of the form [ ]{¢. This follows from the fact that []ie=0 


i.e. 
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if ¢CS;. The sum of elements of the form I lie corresponds to the sum of 
classes in Li’ and conversely. Analogously, multiplication by a constant of 
corresponding elements leads again to corresponding elements. 

The space S; can be normed, as can every finite dimensional space. It 
is convenient to define a norm on it in the following manner. Suppose that 
P is a polynomial of degree less than / having the form: 


t—1 
. 1 a a 
= a z 
. k=0y a a,~1 * 4" 
ew et ak 
Then we put: 
~~ bye 
Pp 7 2 - 
[Pls,= Da eS te... gaa (7.4) 
k=0 Las=k 


The definition of the norm in this way will be invariant under all rota- 
tions of axes of coordinates, while in distinction from the norm on i it 
will not be invariant under the translation of the origin. Indeed, the 


quantity > R!/(a,!- - -a,!) a is one of the invariants of the tensor 
a,,...2, and therefore this quantity is preserved under orthogonal transfor- 
mations. 


We may verify that again for such a norm all the three properties hold: 

(a) |] Pit P|) S| Pill +] Poll, 

(b) jaP|| =|a|-|| Pl, 

(c) If || P|] =0, then P=0. 

The validity of the conditions (b) and (c) is obvious. We establish also 
the triangle inequality. 


Suppose 
I—1 
Bee DD ae ak ene 
k=0Na =k 
8 
l—1 = : 
Po= a . ay ," 
k=0 Ya =k a 
We have 
ea kl = 
7 ~~ (1) (2) 2) § 
| P, + P,|? = > \ >; al a y (2a, a, Ta “lt < 
k=0 Ye==k 
1 as 7 + Fe 
\ 7 ane 2)? yy" (2) 2]! é 
<3 {{ Wee e[ Ye eyy, 
ken0 Ya=k Mek 
ta m 1 m~ 1 1 
* (1) 2) 3 (2) a] 2\P\ \p 
IPs+ Pol<{{ dll yee Pal aa le = 
=0 Yack aoak 
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Sian Ss (1) ‘a soIyeeye (2) ine 
21 YS a ce Pe Dy ae 8? 
k=0 Yask k=0 Ya=k 


which was to be proved (here 3h denotes summations with the weights 
R! /oyt- + +a,!). 

The establishment of a norm on S; enables us to carry through also the 
norming of the space W}). This norming may be carried out if we are 
given any projection operator whatever. 

Naturally, we put: 


jefe =IMLels, +1 eire = Melis, + delle. 7.8) 


This method of introducing a norm depends upon the given projection 
operator. Later we consider the question of what relations will hold between 
norms constructed with the aid of different projection operators. In the 
meantime, it is necessary for us to verify that the three basic properties 
of the norm are satisfied for our definition. 

In fact, it is obvious that: 


\|ae| w= lal lle Ply 


Furthermore, if | ¢| w= 9s then ¢=0. 
p 


The triangle inequality follows in an obvious way from the Minkowski 
inequality. 

4, SPECIAL DECOMPOSITIONS OF we. It is convenient for our purposes 
to use one special form for the operator | [;. Let us concern ourselves with 
this form. To begin with, we impose some restrictions upon the domain 
in space on which we consider our functions. 

Let 2 be a star domain with respect to each point of the sphere C of 
radius H lying within 2. For convenience, we assume to begin with that 
the center of this sphere lies at the origin of coordinates. 

7 Let P ’ and Q be two arbitrary points of 0. We set r= |P- Q| and let 

=(Q— P) )/r be the unit vector having the direction from P to Q. Each 
ates of two variable points. mca P) may be represented as a function 
of P, 1, and r, setting Q=P+rl, and 


> > > > > = > > 
#(Q,P)=p(P+71, P)=p(r, l, P), 
where the bar over u indicates that Qi is replaced by Piri. Conversely 


every function v(r, I, P) may be considered as a function of @ and P. 
We consider the function 
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R? 


“ R?— H® : 
=| § for te ok 


for R>A, 


where R is the distance of the point Q from the origin of coordinates. 
v(Q) is continuous with its derivatives of all orders and differs from zero 
only in the sphere C. 
We form a new function of the two points P and Q, setting 


re 


L(r, i, P) = — f 0 (rl, P) re dry. (7.6) 
rT 


The integral, obviously, reduces to an integral over a finite interval since 
u differs from _zero only on a bounded domain. 

For fixed P, the function x(r, 7. P) differs from zero only for those r 
and 1 for which g= P+rl\ lies in the interior of the domain bounded by 
the cone with vertex at P whose generators terminate on the sphere C 
(see Figure 5). Indeed, on all rays which do not intersect the sphere C, the 

function v is identically zero, and on those rays which do 
intersect C, for points Q lying beyond the sphere C, the 
integrand i in (7.6) is also null for r,;>r. It is obvious that 

x(r, [, P)i is continuously differentiable. We introduce also 
a function: 


> > 1 t—-1— > 





For any function ¢(Q) continuously differentiable up 
to order / on the domain 2, we may construct a corre- 
sponding function # by the formula 








ig —1T = apse ii 
. 2 ee. tag Ny 07 OY Pas pe 
Figure 5 ho=% or! or ore? “ee eirete + ( ) grt ys 
Obviously, we have 
so = —Olu ale ete 
Feat Ihe (7.7) 
In addition: 
ry Ov ag 
¢| => = => = 
r Or mer ert—2 r=6 0. 





Calculating @'"'y/dr'~!, we obtain: 


l 
Ww 


A 
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ogr'—1 





r= 


=—f 0(r, 0 Pyar, 
0 


from which it follows that 


P (0, 1, P)=—9(P) [{ 0(r,, 0 P) BR ar,; (co, 1, P)=0. 
0 


Integrating (7.7) in r from 0 to ~, we find: 


> = >> = a 
Bf O (ry P) A dr = [ee oF (aye eam § ar (7.8) 
0 0 


Multiplving (7.8) by the element of solid angle dw, and integrating over 
the unit sphere, we obtain: 


fore) f. ses ate 
is LS: Or 
> 


Taking into consideration that rf 'dr,dw;= dug, where dug is the volume 
element at the point Q, we find: 


= >> = 
fae, f u(r, 4, P) rm dr, = ii v(Q) dv, =% + 0, 
o> 0 RH Q 


i.e., the size of this integral does not depend upon the position of the point 
P. In this fashion, we obtain 


> r [- aly = 
sat fam, f [EB Fae 
wy, 0 


} 


or, introducing dvy into the integral on the right, we obtain: 








= Ok Ph (Dit a ares 2 
oP) LFS e maretg + SO ase amideg (79) 
Q 


We now show that the first integral in (7.9) is_a polynomial of degree 
!—1 in the coordinates x,,.%.---.x, of the point P. 


In fact, from the definition of ¥, it follows that 
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asu(r, 1, P) 
— k-Ipn-k+s —_ : 
k=1u » Xe ee ar 
to ok-1 io 73 
aS) Np, pice 2 ee). (7.10) 
de ‘ or® 
k=18=0 


where B,, C,, and D,, are constants which are binomial coefficients or 


com inarons of binomial coefficients. 
But u(r, LP) =v(Q), with the substitution Q= P+rl, Q( Via Na) 


Pheretere 





where [= (y;— 





oo ." ee Ld p= 
arsed OV; 09. as Op, ig 
t,t, rt, 8 
l o*u « 
= Pe > Ca, tn a oC, (y as (Yn — Xn) fe 
haj,=s ay, . Vn 


ay ay Key a 
er ae il Xi Xo 1... Xin? Gee vos a, Ji» Vay bey Var 
da<i-1 
where {,)...a, (Yis°+ Yn) are bounded and continuous functions 
Vises sali 
ae aie Yn) = Ss) fon mela as tng Boa Ee Btn 
bere @, kad yy vey Oy B, 8 1 -- Yn ‘ 
a, <8; OS OYn” 
Lett 


Therefore the first integral in (7.9) takes the form: 


x,)/r are the components of L, and we find analogously: 


of 
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Lroeu 1 a, ai ee > 
—f Q ae eas ») Xe xn"— [ 2(Q) Ge ee a, (Q) aes 


Na, <l-1 g 


ie., it represents a polynomial of degree /—1 in x,,x%2,---.X,, We note 
that ¢,)....0, (@)+ 0 outside of the sphere C, since this property holds 
for v(Q) and all of its derivatives. 

The operator 


has the property that it carries an arbitrary polynomial of degree not 
higher than /—1 into itself. This follows easily from the fact that if one 
substitutes such a polynomial in (7.9), the second term vanishes. Conse- 
quently [],¢ is a projection operator and formula (7.9) gives the decom- 
position of interest to us. 

We turn now to the investigation of the second integral in (7.9), 1.e.. to 
the study of the operator [],¢. For this purpose, we note that 


ce = ») Cy (vi— 4%)" ose (n—*n)” d'» 
l —~. loot a : 
me ae : ‘ Oyt 2. Oy,” 
4 
This last formula is obtained like the one for d*v dr’. 
Furthermore, it follows from this that 





1 dex 1 a c= 
er sas prcitt », Cus a, (Yi *1) seine (Vn =a) "OX 
Lal 
1 > > al 
ent A ee >, Pais eae 2, (Q; P) ay z z, 
OVs) +++ OYn™ ae OV, oy,” 


We have 


> > = % ae fenst ay 
ene (2) P) = Cy, ..., 0, SATAY On td 


poitl 
a,,¢ a 
= fy a te 
= Ga... ay Se Y= 
1 1 a, 4 a > o> 
n-l KC, gece af iS eee Ln? x (Fr, i, P)) —= 


> > 
Hat enon ay Mr f, P), 
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where w,, ees L P) is a bounded and infinitely differentiable func- 
tion of is ‘arguments. Considered as a function of (Q, P), it appears as a 
bounded function of its argument. Then the second integral in (7.9) takes 
the form: 


U 
(= 1-1 1 a5 (6, B a'g Bale. 
—_ | — f)ysa ane ’ —ToomoooaEDT_— AV» (7.11) 
2 J 2 n Saxe oxen @ 


Introducing the coefficients 1/x and (—1)'"!/x into the functions ¢ and 
w, we may rewrite (7.9) in the form: 


> a ay a 
o(P)= Cer see Hn® | aye a, (Q)e (Q) dv 
Ya<l—-1 c 
1 > > ot 2 
+fas Wa, see a, (Q; P) —* ___ av». (7.12) 
gq. foe dy,' ... dy,” @ 


The formula (7.12) was established by us for functions having continu- 
ous derivatives to the /th order. It is not hard to see that it remains cor- 
rect for an arbitrary function from W2). Indeed, let ¢€ W?? and let ¢ 
be its averaged function. For ¢,, (7.12) is correct, i.e., we have 


on(P)= xt xn” faa cone, @ nD) dog + 
c 


La, <l—1 


1 ay, (h) *() (7 13) 
+fasa > ait ae ater 








a Oy) s+» OY ,M 
We set 
S= > xy xn” {bey +a (Q) 2 (Q) dvs; 
£a,<l—-1 Cc 
1 
o* (P)= f =e >> is. a (Oe P= ate — dv» 
2 La= J) dy,” 
It is obvious that So §4)..-n PAAU— So ba... on ?dv, and consequently, 


S”—S uniformly. In addition, by the basic préperty of the derivatives of 
the averaged functions, we have 
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To the integral ¢” we apply the theorem on integrals of potential type. 
For this, \=n—l. 

Consequently, if \=n—l<n(1—(1/p)), ie., if lp>n, then on the basis 
of Theorem 1 and estimate (6.2) §6, we conclude that ¢* is continuous and 
besides that ¢*”’—¢* uniformly. In this case, ¢ may be considered as a 
continuous function and then the equality (7.12) holds for all the points 
of Q. 

Using Theorem 2 and estimating (6.4) §6, we conclude: if\=n—l/= 
n(l1—(1/p)),1e, iflp<n and ifs>n—(n—))p,ie., if s>n-—lp, then 
¢ CL,-(q*<sp/(n—lp)) on every s dimensional manifold. In addition, 
¢ => ¢* in L,- on every s-dimensional manifold. 

In this case ¢€L,- on the s-dimensional manifolds. and formula (7.12) 
holds almost everywhere. 

An important property of normed functional spaces is completeness, 
ie., the existence of a limit for every Cauchy sequence. The space W?’ 
with the norms which we have introduced is complete. We shall establish 
this somewhat later. Now we shall establish some important theorems. 


§8. Imbedding Theorems. 
1. THE IMBEDDING OF we IN C, 


THEOREM 1. If © W,’ and n<ip, then ¢ is a continuous function. 
Denoting the space of continuous functions as usual by C, and letting ||¢|| c= 
max|¢|, we wll have 

Q 


lele<Mllell wit? (8.1) 
where M isa constant tndependent of the chotce of the function ¢. 


Indeed, the continuity of ¢ was already proved in the casen<lp. 
Further, from (7.12) we conclude that: 


IF¢l<[S|+]9* |]. 


Setting max|xj'.- x97] =A (x,E2, doa, <l—1), applying the Min- 
kowski inequality, and letting N be the number of different monomials 
(xt. . x8"), Soa, Sd—1, we obtain: 
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t—1 t—1 1 
~~ 7 v! 2 
ISI<A YY lean ela MD (Gray) lea aS 
y=0 x4; =v yv=00 v ay 
l—1 1 


<AVM\y aa tee ol b? <K’Iel wi. 


v=0 Ye, = 


Applying the inequality (6.2), we find an estimate for |¢"|; we set 
max|W,,....,|=B (PEQ, ee faa 


<Ke N X lae 




















Die deen Ly . Ox,” Ly 


and using (7.3), we find: 


|o* |< KBN,|l9]] 4 < KBN,I9l] yw < Kell wid 
Pp 


-(1) 
Wo 


where WN, is the number of distinct derivatives of order J. 

Consequently |¢| <S+|¢"| <(K’+ Kk”) |¢|| w=M lolly wo, and the ine- 
quality (8.1) is established. The theorem is noved. 

2. IMBEDDING OF W,) In L,.. 


THEOREM 2. If ¢C WY and n2lp, then ¢€L,- on any hyperplane of dimen- 
ston s, if s>n—lIp and q'<q=sp/(n—lp). 


In addition, we have the inequality 
lolltg <Miell wi) (8.2) 


Indeed, the fact that ¢€L,- was already proved in the proof of formula 
(7.12) for the case ¢€ we for n=lp. It remains to prove (8.2). We have: 


oll tge< US| roe + ell rae. 
Setting A= Be xi’. - -xn"|,,., just as in the proof of Theorem 1, we 
ap sl-1 
find 
IISlltge< - Kl jl es 


Setting once more max|Wa---o,{= B((x,) E2, > ai=l) and using the 
estimate (6.4) for \=n—l, we find: 
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‘el | ts) 
lo ltg<B Y | is jae < 
Ye=t Q OX, . Ox, Lgx 
a! 
< 8K, Ya), <BR NMle iin < Kall ya 
ya,=! 0 1s Derm Pp 


from which we find: 
lols, $(K+K,)|¢lw®=M lol w?, Le., (8.2) and the theorem is proved. 

Theorems 1 and 2 indicate that the identity transformation carrying a 
function ¢ considered as an element of W*’ into the same function con- 
sidered as an element of C (n<lp) or as an element of L,- on an s-dimen- 
sional plane (n2lp, s>n—lIp, q*<(sp/(n—lp))), is a bounded operator. 
Ina following paragraph it will be shown that it is a completely continu- 
ous operator, i.e., that it carries any bounded set into a compact set. 

3. ExamMpLes. We have shown that if ¢@W.) and n>lp, then ¢E€L,- 
on any plane of dimension s, where s>n—lIp and g*<q=sp/(n-—Ip), and 
then the inequality (8.2) holds. We present two examples showing that in 
Theorem 2 the number g* may not be replaced by g+.«, no matter how 
small we choose «>0. Thus we will have shown that the given bound q is 
precise and may not be increased. 

EXAMPLE 1. Let R<1. We consider the hemisphere 2 of radius FR in 
n-dimensional space: 


SH rP<R%, x, >0 (n> 3). 


i=l 
Then u=(r"?)— In r) TC WP on Q, since 
n 2 
du 2s (5-1) n—2 1 
(ss) =| Geni (In r)? inne rs (in =| 
si 


and 


ou, ra & re ae 2 

u i n— nt 

p> ax, | 2? =F {ial (Inr)? | tant oe |e ad 

0 

converges. 
Here o, denotes the surface area of the hypersphere in n-space. 
We consider the plane x,=0 (x,20); and set )-%..x7=p’. By Theorem 

2, uCL,- on the plane x;=0, where 

_ (n—1)2 2(n—1) 

Lol goo * 

We show that 
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n—!) 
———ay 


f ins fluletedon 
0 


= 


will diverge if «>0. Indeed 


n—1 











R 
pe 1 
Fro nlessaemtp f gap} — rte 
r4=0 0 \p 2 | Inp|j¢t* 
R —1—= (n—2) oo E(n—2) > 
— %n-1 Pit 2 a ne ie, (7 
a f qre “P= "5 / es 
jin gl ae E 





[n—2—(@ te tgPe—-i4S(n—9), 


from which it follows that the integral diverges no matter how small «>0. 
Thus u is not summable to the power g+e on the plane x,=0 and thereby 
does not lie in Ly... 

EXAMPLE 2. Let 5>0. We denote by r,; the distance from the point 
(0,0,---,0,—6) to the point (x,---,x,), 1e., 


n= iY (xb a+ Dad 


Then on the hemisphere 2 the family of functions 


1 
= (0<t<+5%) 
rae, 2 
re? Inr; 

is uniformly bounded in the norm in W3”. 

Indeed, the integrals of u, and > 7_,|du,/dx;|* on the hemisphere of 
radius R+6<(1+R)/2<1 and center at the point (0,0,- - -,—6) are uni- 
formly bounded since the integrals 








converge. 

Therefore the integrals of |u,| and 5-7, |du,/dx;|°-on Q are also uni- 
formly bounded (Q is a part of each hemisphere of radius R+4) and by 
virtue of (7.12) and (7.5) ||.) is uniformly bounded. 

On the other hand, it is not difficult to see that 
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n—1 


z,=0 
and, consequently, || u,|},,,, on the hyperplane x,;=0 will not be bounded, 
ie., for g’=q-+e the inequality (8.2) will not hold. 


§9. General methods of norming W) and corollaries of the Imbedding 
Theorem. be 

1. A THEOREM ON EQUIVALENT NoRMS. Let [], and [], be two projec- 
tion operators mapping W,’ onto S;. These operators generate norms on 
Wy’ which we designate by '||¢|| and *|¢||. We shall say that these norms 
are equivalent if one can give two positive numbers m and M such that 

mat < mM for all @€ W,. (9.1) 

We consider the operator =.¢= ([],:—-J],)¢. This operator possesses 
two properties. 

(1) =.S=0, i.e., =). carries into zero every polynomial in S. This fol- 
lows from the fact that J],S=[].S=S. It follows from this that =). puts 
in correspondence with one and the same polynomial of S all the functions 
of one and the same class ¥CL}’. 

(2) =}.6 =0, i.e., the square of the operator =, is the annihilation opera- 
tor. 

Indeed, =,.¢=S, and consequently 


Brae = BioS = 0. 
THEOREM. For the equivalence of the norms '|¢|| and 4|¢||. generated by 


the operators [], and []», it is necessary and sufficient that there exists a 
number M>0O such that 


[Ereh << Mlel a forall wv€ we. (9.2) 
P 


PROOF OF NECESSITY. The proof proceeds by reductio ad absurdum. 
Suppose that the condition (9.2) does not hold. Then we may find a se- 
quence of functions | dy}, dkE Ww, for which 


[Swrls > Alea = (R= 1, 2 ...), sic 
P 


Normalizing ¢,, we may assume that || ¢,||, = 1. 
: ; P 
We consider the functions ve=[ [Ter =¢e—[ lide and calculate both 
norms of y¥,: 


Tel = Of eel gy = 1, since IIo, = 0. 
Pp 
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Since []i¢e=S, Jo] [ide=J Jide. In addition, taking (9.3) into account, 
we obtain: 


dal = I [Dodalls + lex =I UDee. — TT Dsexls +1 = 
Pp 
= | [Tor —[Lexls + 1 = [E19 IIs +1>ek+1, 


from which it follows that {ysl /"|¥s] -2. This contradicts (9.1) and the 
norms |\¢|| and 4¢|| are not equivalent, contradicting the assumption of 
the equivalence of the norms. The contradiction shows that (9. 3) is false, 
and therefore that (9.2) holds for all ¢€ W0’. 

PROOF OF SUFFICIENCY. Suppose that (9. 2) j is satisfied. Then 


Noll = ITLells + lel 0S <(Weells + 100. —T ells] + 
+ jle| oS < TL ¢lls + l¢! wot Hell, o= 
= [Tells +(™ + Dllell a < 
<M + DU Loells + let al = (M+ 1) el 


Analogously, it may be shown that ?|¢|| $(M+1).-.'||¢||. These two in- 
equalities together are equivalent to (9.1) and the theorem is proved. 

The condition (9.2) is conveniently written in some other forms. We 
have: 


® 99 = Te —TTee =e —T. T= Il. ¢-II.2)= ILI 


and analogously 
= 1 = IL Fe. 


Using these, we see easily that each one of the following three inequali- 
ties below is a necessary and sufficient condition for the equivalence of 
norms. 


Il Eye? lls <M || olla, 3 (9.2) 
Pp 
NW, Tels <™ | ello; (9.4) 
Pp 


IT. II 1? 





7 Hedy: (9.5) 
Ly 
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We shall make use of this result below. 

2. THE GENERAL FORM OF NORMS EQUIVALENT TO A GIVEN ONE. We shall 
now concern ourselves with a more detailed study of the structure of pro- 
jection operators yielding norms equivalent to a given one. Let |], be 
given. 

The general form of a projection operator [ J, will be 


a, a . 
IL.2 = » ao ea Xray, vr O99 


La, <l—1 


Sak 


where l,,,....., represents an ordinary additive functional. 
It is not difficult to see that these functionals have the property 


EL overs 3 gn orvile ee 1 if > (¢;— 8,2 =0 
| (0 if > (a; —8,)? > 0. 
THEOREM 1, In order that the norms '|¢|| and °||¢|| should be equivalent, 


it is necessary and sufficient that all the functionals 1,,,,..., Should be bounded 
in the sense of the norm defined by the projection operator { J,. 


(9.6) 


ProoF. It is easy to see that the condition (9.5) for the equivalence of 
the norms is equivalent to the system of conditions 


* _ 
| fae, se M2 1< Mell ay (9.7) 
Pp 
It remains for us to show that (9.7) is equivalent to the condition of the 
theorem. 


Suppose that all the functionals l,,,,...,, are bounded in the norm '|¢|. 
Then 


| aera Wel<”'i Me! wig = AEN ET oy 
? 


e., (9.7) is verified. 
Conversely, if (9.7) is verified, then taking (9.6) into account, we find: 


| la, dns «2 | =!,, .. @ he +4, ree ay TLel< 
— He oye] St Miels + Mell < 


Well gos (Mt = max (1, MM), 


i.e., from (9.7) follows the Seana: of the functionals /,,...,, and the 
theorem is completely proved. 

Thus, an arbitrary system of linear (additive and bounded) function- 
als U,,....,0n W satisfying the equations (9.6) yields a projection opera- 
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tor [ J, and consequently a new norm on W?’, and this norm is equivalent 
to the norm with respect to which the boundedness of the functionals was 
defined. 

If we now consider an arbitrary system of linear functionals A,,...,,, the 
number of which is precisely equal to the number of monomials of power 
not higher than /—1, and taken so that the determinant of the matrix 

A= || Ae, Sars me x'n|l, 
is non-null, where each row of the matrix consists of the values of one and 
the same functional and each column of functionals acting on one and the 
same monomial, then from such a system we may always construct linear 
combinations /,,...,, which will satisfy the equations (9.6). 

Each such system of linear functionals enables one to define a norm on 
S by the formula 


1 
lols =] De, 40, 77. (9.8) 


Such a norm, as we saw above, will be equivalent to the initial norm 
on S. 

The condition | A | #0 may be reformulated in a form suitable for appli- 
cations in two ways. 

It is well-known that if the determinant of a square matrix is not equal 
to zero, then it is impossible to have a nontrivial linear combination of 
the rows of the matrix or of the columns of the matrix which is a null 
vector. Conversely, if the rows or the columns are linearly independent, 
the determinant must be different from zero. From this follow two re- 
marks. 

(a) The condition |A| #0 is satisfied if the following holds: for any poly- 
nomial P of degree not greater than /—1, we can find a functional such 
thath,,...,, P 1s not zero. 

The value of any linear functional on a polynomial of S corresponds to 
a fixed linear combination of the elements in a column of the matrix|A || 
corresponding to various rows. 

If the condition (a) is satisfied, then it is impossible to find a linear 
combination of the columns of the matrix ||A|| consisting only of zeros. 
In other words, |A| #0. 

(b) The condition |A| #0 is satisfied if the following is valid: for any 
linear combination of functionals 


p= > Ay, Gras a, Ma, eee fay 


we may always find a monomial 


B 
2 ore xen 
n 


for which pxj!- + «x37 0. 
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The values of various p on the set of monomials is in one-to-one corre- 
spondence with the various linear combinations of the elements of the 
rows of the matrix A lying in all possible columns. If condition (b) is 
satisfied, then it is impossible to find a nontrivial linear combination of 
the rows of the matrix A consisting only of zeros. This means that |A| 0. 

3. NORMS EQUIVALENT TO THE SPECIAL NORM. Up to now we have con- 
sidered the equivalence of norms arising from two arbitrary projection 
operators and the whole argument was suitable for an arbitrary domain 2. 
We turn now to domains star-like with respect to some sphere C for which 
we constructed a special projection operator defined by formula (7.12). 

For the norm given by this operator, the imbedding Theorems 1 and 2 
are valid, i.e., inequality (8.1) for the casen <lp and (8.2) in the casen 2 Ip. 

Let Ay, ...a, (200: <$!— 1) be a system of linear functionals on C (if n<lp) 


or on L,: (if n2lp). Then, for example, in the case of n<lp, we find using 
(8.1): 


| Ra, ee a? | < kK, lelle< Kellell pe. (Ky = KM), 
Pp 


1.€., A,,...4, is bounded on W?® in the norm of the projection operator (7.12). 


An analogous assertion is valid if h,,...,, is linear on L,- (n2Ip). From this, 


“a 


using the preceding theorem, we obtain the following theorem. 


THEOREM 2. Let h,,...,,, (Q.ai</—1) be linear functionals on C (n<lp) 
oron L,- (n2lp) and suppose that for each polynomial from S one of the 
hay---an US different from zero. Then the norm defined by (7.5) and (9.8) is 
equivalent to the norm (7.5) obtained from the operator (7.12), and then (8.1) 
and (8.2) are valid if on the right hand side of the latter we understand the 
norm of ¢ to be given in its turn by the formulae (7.5) and (9.8). 


4, SPHERICAL PROJECTION OPERATORS. The argument in §§1, 2 is valid 
for arbitrary domains. Now we shall demand that the domain 9 is star- 
like with respect to some sphere C of radius H. Formula (7.12) defines a 
projection operator |] of the form 


II: Se. > x; toe xin [ ce -, (@)¢ (9) due, (9.9) 


Rew 


assigning to each ¢€ W’ a polynomial of S, where the coefficients of this 
polynomial depend only upon the values taken by ¢ on the sphere RSH. 
On the set |S], this operator is the identity operator, as follows from the 
integral identity (7.12). Therefore the functionals 
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> > 
fa, ee ne=f Cen e (Q)2 (Q) dus (9.10) 
R<u 

have the property that for any S, at least one of the functionals differs 
from zero. Obviously, this conclusion is true for functionals constructed 
with the aid of a sphere of arbitrary radius since we may include every 
such sphere in a domain star-like with respect to that sphere and obtain 
the integral equality (7.12). 

Let T(,: - -,¥,) be such a point of the domain 2 that the sphere C, of 
radius H, with center at 7 lies within the domain 2. We construct the 
operator: 


o= — m1 a “n 
II. rea Ji) es (x, Yn) x 
(71,) > > > 
x f Gees a, (Q)9(Q4-T)dvg. (9.11) 
RA, 

The operator (9.11) carries each ¢€ W;' into some corresponding polyno- 
mial S. In addition, obviously [Ice carries each polynomial S into itself. 
since formula (9.11) goes over into (9.9) by a translation of the origin of 
coordinates and under this mapping }S{ is carried into itself. It follows 
that the operator | |¢,¢ is a projection, since J |c,J [c,@. The operator (9.11) 
will be called a spherical projection operator. 


THEOREM. The norms constructed by means of arbitrary spherical projec- 
tion operators are mutually equivalent. 


In order to prove this theorem, it suffices to establish the equivalence of 
the norm defined by means of arbitrary spherical projection operator with 
the norm lol defined by the formulae (7.5) and (9.8) with functionals 


l linear on C oron L,., for n2lp, q <q=np/(n—lIp), (s=n). We 


1.02.9 +04 


shall show that these norms are indeed equivalent. 


In fact, We (Q) is bounded and therefore the functional 


i > > > 
f fe @eG+h dug 
RC, 
is bounded onC (n<lp) or onL, (n2lp,s=n, q*Sq=np/(n—lp)), 
and as a consequence, on the basis of Theorem 2, item 3 the norm gener- 
ated by the operator [|¢,¢ is equivalent to the norm |/¢||". Thus the norm 
generated by an arbitrary spherical projection operator is equivalent to 
the norm |¢||; wil and all such norms being mutually equivalent, the 
theorem is proved. 
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5. NONSTAR-LIKE DOMAINS. We may now free ourselves of the restric- 
tion of star-likeness imposed upon the domain Q in the proof of the Im- 
bedding Theorem. 

Let 2 be an arbitrary domain containing some sphere C of radius H. 
Formula (9.11) defines a projection operator on Wy’ and we define a norm 
by formula (7.5). It remains for us to show that under some restrictions 
upon &2, the Imbedding Theorems 1 and 2 are still valid as well as the in- 
equalities (8.1) and (8.2). We remark that if for some domain the Im- 
bedding Theorems hold, then for that domain the preceding theorem of 
item 4 is valid. 


LEMMA. Let Q, and Q, be two domains, for cach of which the Imbedding 
Theorem holds. Suppose that Q, and Q, intersect in a nonempty domain Qy)= 
QQ. Then for the domain Q=Q,+Q, the _Imbedding Theorems are valid and 
the norms defined by all spherical projection operators are equivalent. 


Proor. Let ¢€ Wy) in Q. Then ¢€W?) in Q, and in, and therefore 
gEC (if n<lp) in Q, and Q, are therefore in 2,19). One treats the case 
n2lp analogously. Jt remains to prove (8.1) and (8.2). 

Assuming n<lp, we shall prove (8.1). Let Cj. be a sphere in 9, and 
[]c,.¢ its spherical projection operator. Then 


Nelle <K,[ UT o,ells + lel ay] in Q, (é=1,2), 
‘lp 


from which it follows that in Q2=Q,;+Q, we have the inequality 
Iho <K[ Mest tell, 


since aa S |||], and where K3= max [K,,K)]. 

As a consequence (8.1) is valid. Analogously for the case n2 lp, (8.2) 
may be proved. On the basis of the theorem in item 4 there follows the 
equivalence of all norms defined by spherical projection operators. 


THEOREM. Let 9 be represented as the sum of a finite number of domains 
(21,,- > -,Q, each of which Q; 1s star-like with respect to some sphere H,. 
Suppose that the sum is connected (by this we mean that each domain ., inter- 
sects the sum of the preceding Q)+Q9).+++-+Qj-; In some nonempty domain 
w)). Then the Imbedding Theorem holds for the domain Q and the norms of 
all the spherical projection operators are equivalent. 


ProoF. This theorem follows by the repeated application of the lemma 
to the domain 0,-+Q), 2, +0,+Q, etc. In the following we shall consider 
only such domains, and will not speak of this on each special occasion. 


SPECIAL PROBLEMS OF FUNCTIONAL ANALYSIS 67 


We inay without loss of generality consider only such norms on the 
space wi as are equivalent to the norms obtained from spherical projec- 
(ion operators. We will call such norms natural. Each time that we speak 
of a norm or of convergence in the space W\) if no special provision is 
nade, we shall have in mind an arbitrary natural norm and convergence 
with respect (o an arbitrary natural norm. 

6. ExamMpLes. We introduce two examples, illustrating applications of 
the above theoreins. 

EXAMPLE |. Let p= 2, /=1, s=n23. Since q=2n/(n—2)>2, we may 
take q*= 2, i.c., WSC Ly. Since l=1, for the definition of the norm it 
suffices to take one functional (polynomial of the zeroth degree, there 
exists only one polynomial of null degree). We choose 


(A, 9) = ii 9 dv. 


It is obvious that (h,1) ~0, and the functional A is linear on L,. There- 
fore on the basis of Theerem 2, item 2, we have 


{fiero} <m|| f edo|+ ff See J ae}], 


2 ji=1 
from which iets follows 


Sighav<m, { feael + f 3 (z2) ao] . (9.12) 
a e o¢ i 


‘The last inequality is well-known under the name of Poincaré’s inequal- 
ity. 

EXAMPLE 2. Let p=2, /=1, s2(n—2)-l=n—2; s;=n—-1, s:=7n 

Since q;= 2(n—1)/(n—2) >2, we have W$!CL, on manifolds of dimen- 
sion (n—1). 

We put 


n—1 
(A, o)= f...f ode, _,. 
8 


We have (A,1) ¥0, and the functional A is bounded in L, on the mani- 
fold S. 
On the basis of the same Theorem 2, itein 2, the Imbedding Theorem 


holds for the norm 
n—1 


[foes fedonns| + Hye 


and in particular, since WC L, on S (s,=n) 
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{ fienac}? < M{ | fo fee e eh oh 


from which follows 


flePdv< cml Foo j oes: ‘li +f (32) oh. (9.13) 


It is obvious that Theorem 2, item 2, can vield many inequalities for 
suitable choices of the functionals A 


alsssan’ 


§10. Some consequences of the Imbedding Theorems. 

1. COMPLETENESS OF THE SPACE W;). We consider a Cauchy sequence 
{dn}, ox Ws’. Suppose that the norm in W! is defined by an arbitrary 
spherical projection operator []. We have: 


2m =x! 0) 79, =m, &—-> 00, (10.1) 
Pp 


On the basis of the Imbedding Theorems, we conclude that 
Ile m — 9 ]|— + O(4 < lp); II am — trllzo* 7 9 (nz lp), m, k— ©, 


and consequently, }¢,{ converges in C (if n<lp) or in L,- (if n=lp). Let 
the limit of the functions be ¢o. Setting []¢,=.S;, we obtain from (10.1): 


ISm—Sill§ + [2m — ull 0, mm, > 00, 
P 


from which follows: 


SS 0, 
| lls > mM, k > co , (10.2) 
lem — ale +0, m,k + -~, (10.3) 


From (10.2) it follows that the coefficients of S, converge to finite limits 
and therefore that S, converges uniformly to some polynomial S,. 
Obviously, we have 








|S,—Sols— 0, & > @. (10.4) 
From (10.3) it follows that 
a’ a’ o 
{= - = — 0, Ya,=4 m, kR—+0©o, 
Ox... Ox," Ox"... Ox," Lp 














ie., each of the derivatives 0'¢,/dxt!---dx2 converges in L, to some 
functionw,,...,,@ L,. We show that 
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War... Ss (10.5) 


Indeed, for each y having continuous derivatives up to the /th order on 
the whole space and vanishing outside some domain V,CQ, we have 


[ ee eee 2 ey ae 9 [ een es] Se dv, 

3 Ox,' 26. Oxpn ge Oxy we. OGM 

from which, taking the limit as k—o, the correctness of (10.5) follows. 
Thus, oo WW (since w,,....¢,<L,). It is not difficult to verify that 

I [¢o= So. In fact, replacing ¢ in (9.11) by ¢, and passing to the limit, we 

obtain: 


II G9 = lim II >, =1im Sy = So: 
k+>oo k->oco 


Since 4'6,/dx}!+--0x4"=>w,,...,, in L, and by virtue of (10.4), obviously, we 


have 
leo — Pell wa 0, & 00. 
p 


The completeness of the space we is proved. 

2. THE IMBEDDING OF W?) In W5). Up to this point in §§7,8,9 we have 
not discussed the derivatives of order less than /. In §5 it was observed 
that from the existence of the generalized derivatives of higher order, 
there does not follow in general the existence of derivatives of lower order. 
Now the following theorem will be proved. 


THEOREM. If ¢€ Ww’, then @ has all generalized derivatives of order less 
than |. For these: 

(1) If lp2n,00sm<l—(n/p), then a7b/dx{!---dx%" 1s continuous and 
ome 


a, a 
n 
OX as Ox, 








<Milell, - (10.6) 


(2) If m=0 and m2Il—(n/p), s>n—(l—m)p, then on every manifold of 
dimensions 


6 eae : 
a, qs 
Ox, a OK 


where q* <q=sp/(n—(l—m)p), while 


| ] 
a, @ 
Ox,' ++ Ox'n 








<M | ¢|I wi), (10.7) 
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Remark. If /p>n, then WCC"?! i.e, WY is part of the space of 
functions having !—|n/p]—1 continuous derivatives. This follows from 
the first part of the theorem. Setting s=n in the second part of the theo- 
rem and noting that in this case the permissibility of g*=q is established, 
we conclude that if R20 and k2=!— (n/p), then 


Woe Wl) af for WHow™ , (k<l). 

n—(—k) pp Lo 

Se P m 

ProoF. It suffices to prove the theorem for domains which are star-like 
with respect to some sphere. 

Let ¢(P) be continuous and have continuous derivatives up to order l. 


Then formula (7.12) holds: 





> ~~ a, 4 Fa é A 
oP)= xt... xin Ca nese, (Q) ¥ (Q) dog + 
La, <l—1 Re< 
at lee So w...2, QP) — 2 —- doe : 
Q a os Was ae dx," ee 0x,” : vet) 


ry 


The theorem will be proved if we show that 


gm 1 ote 
= 8; 8, [ rm 1 Wa, . a, a, _ dv — 
OX) Ox,, § OX, Ox, 
1 Bios h 0'9 10.8 
—? i rn-l+m Ocean ay a dv, ( ) 
g Ox, ox, 


where uf!" ae are bounded functions. 

Peed: let us differentiate m times both sides of (7.12) written for the 
averaged functions ¢,. The limit of the first term.of the right side for 
h—0O will be the polynomial 


ams 
1 8, 
nr 
the coefficients of which are simply expressed in terms of the coefficients 
of S and as a result, 
oms 
ax 2. axtn 


n 


< MIS ls. 





The limit of the second term of the right side will be the sum of terms of 
the forms of the right side of (10.8). On the basis of the theorem of §6 on 


SPECIAL PROBLEMS OF FUNCTIONAL ANALYSIS 71 
integrals of potential type, the assertion of the theorem follows. 
For the proof of (10.8), it suffices to show that 


am w(m) (O, B) 
[=] Sis hn 4 SL AD 10.9 
ax" ax?n (nat & w (Q, P) )= rn-lem ee 


where for simplicity the subscripts are omitted. We have (§7, item 4): 


_ 1 — @ > > 
—_ w(Q, P)= Ge Ea yal (0, B) 
and shall show that each differentiation of 1/r’~' w(Q,P) increases by one 
unit the negative exponent of 1/r. 
Indeed, for the first expression 


(41 — yi)! (Xn —Yn)*n 


rm 
this is obvious. 
If we are given Q: and P, then r=|Q— Pi; l=(Q—P)/r, url, P)= v(Q,), 
where Q,= Pt+rJ= P+ (r,/r) (Q- P). Therefore, 


1G, B)=—fs o[P +2 (Q—B) |rf- ar, 


Differentiating with respect to x,, we find: 





>> 
91 P) 9B) pu-1 HON av (On) 
x1 v(Q)r Pin 
r (x — V1) (x; y :) rr a 
ee 
_ fae Qn dr, — YI) 5 
7 -| ded r? 
T j=l 


x J Heri dr, | +0 (Qe (x —9,)— 





r av (0)) n—J 
—f re r ar. 


1 


Denoting by. x(Q,P) and x2(Q,P) and so on, integrals of the same type 
as x(Q,P) [v(Q,) is replaced by a suitably often differentiable function, 
ri-' is replaced by i, ri’! etc.|] we obtain: 
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f= t[—y., A+ Voy P| + 


j=l 
+43(Q, P) + 0(Q) rh, 


from which it follows easily that further differentiations with respect to 
x; will each not increase the polarity in 1/r by more than one unit. Thus: 
> > 
amy (Q, P ee 
ETN OGM nae (Q, P), 


= WwW 
ax... dxfn or™ 


t 


where w(Q,P) is a bounded function of its arguments. Thereby (10.9) is 
proved and consequently the theorem as well. 

REMARK. All through §7, the theorems were formulated for hyperplanes 
of dimension s. These theorems are extendable to sufficiently smooth 
manifolds of dimension s. Namely, if the manifold of dimension s lies in 
some domain for which there exists a topological mapping which is con- 
tinuously differentiable with bounded derivatives and which carries the 
manifold under consideration into a hyperplane, then for that manifold 
all the theorems stated for plane domains are valid. 

For the investigation of certain problems, it will be important to know 
the behaviour of functions on the boundaries of domains. We introduce 
aclass of domains which for convenience will be called domains with simple 
boundary. We shall say that the domain 2 has a simple boundary in the 
case that the boundary can be decomposed into a finite number of mani- 
folds SM, S®@,,...,S0...,.S> of various dimensions and such that each 
manifold Si_, by means of a transformation of coordinates defined on part 
of the domain 2, and continuous with continuous derivatives up to /th 
order, and can be transformed into a hyperplane. For domains with simple 
boundary, we may assert that the Imbedding Theorem is valid also for the 
boundary manifolds. 

3. INVARIANT NORMING OF Wj). For further discussion, it will be con- 
venient for us to introduce a norm on W, in still another way. 

Let oc Wwe. Then oE LY and by virtue of the Imbedding ‘Theorem 


ce Ly. 
We shall show that the norm |/¢|| wil given by the equality 


(0) p Pp Pp 
loll ay = ells + elle. 
Wp Ly Ly 


is equivalent to an arbitrary norm constructed by means of a spherical 
projection operator, i.e., it turns out to be the natural norm. 
The right hand side of the equality which gives the definition depends 
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neither upon the choice of the origin of coordinates, nor upon the direction 
of the coordinate axes, and thereby turns out to be invariant under all 
possible changes of coordinates. From this we see that the natural norm 
may be defined in an invariant way. 

We show the equivalence of ole to an arbitrary natural norm. Let 


le lly My be anorm defined by means of some arbitrary spherical projection 


operator. It is necessary to show that there exist constants m and M such 
that 


(0) 


(0 () 
y <llel wi 


wt WS 














mle M\l¢ 


We have: 


Held = NT 2,6 FOL 2h = Ie 


where | J, is the given projection operator. 
Further: 








p (jp 
bP Lele, 


Ile Il nS < lle lire 


We shall prove also that 
IML elo <All, 


where K is a constant depending upon the shape of the domain 2. 


Let the coefficients of the polynomial [],¢ be Qy,09---a,, then obviously 


IIe I th < aK ax |iGiase\s (10.10) 


n 


On the other hand, each of the coefficients a 
as an integral 


Qain,... = f cee [me ons a, (X1%q . gg) O (eGy Xar eee Xn) x 


PEER. wie ER, 


may be represented 


@aQ+++an 


where {(x),---,%,) 1s a bounded continuous function of its arguments 
(cf. (7.12)). Applying Hélder’s inequality, we obtain 
Oy,05..-,2, < Kall ole, (10.11) 


By (10.10) and (10.11) we have 


LIL olgh< <Kilel; 
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From this, finally: 


1 (0 
lee’ <M Mlelzo+lel? I< Mel yd 
P 
It remains to obtain the opposite estimate. Since we always have 
W'CL,, by the Imbedding Theorem we have: 


(1) 
lek, < Keli 


In addition, 
lelo=l ITs ¢ o< <I Ie 


from which obviously follows: 


(0) 


wi < <K, lel’ with 


| e| 
which was to be proved. 


§11. The complete continuity of the imbedding operator (Kondrasev’s 
Theorem). 

1. FORMULATION OF THE PROBLEM. In this section it will be shown that 
every bounded set in Wy (bounded in norm) turns out to be bounded and 
equicontinuous in C, if n<lp, or in L,- in n>lp. Obviously, if the domain 
Q is the union of a finite number of domains for each of which this asser- 
tion is correct, then it will be correct also for the domain 2. For this reason, 
in the proof of the theorem we restrict ourselves to the case of a domain (? 
which is star-like with respect to a sphere C of radius H. As a preparation 
we shall establish a lemma on integrals of a special form. We introduce 
some notations. Let P and P+ 1 P be two arbitrary points, qQ the point 
corresponding to the variable of integration, r= [P= QI, r=|P+ a P- Ql. 
Let f(P) JEL, on 2. We shall consider the function f(P) to be equal to zero 
outside of 2 and extend it thereby to the whole space. Let 0<A<n. We 
consider the integral 


! hal > 
U (P, AP) = Ce f(Q) deg, City) 
rok 


where R# is an arbitrary number larger than the diameter of the domain 
Q. We represent it in the form 
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ue, P= f + f + f SEP Gay 





P| aP | r<R 
rel > rc lt paP| 
r<R r<R >> 
> 
la P| 
n> 


2 


For fixed AP, the last integral is bounded, the first integral is bounded by 
1/r; and the second by 1/r. Each of these integrals yields a function in 
C if n<(n—A)p, or a function from L,- if n=(n—A)p, since the variable 
domain of integration may be replaced by a fixed domain by means of 
introducing multipliers which are equal to zero or unity on the corres- 
ponding domains. Therefore U(/?, AP) will lie in C or L,- in the corres- 
ponding cases. 


2. A LEMMA ON THE COMPACTNESS OF THE SPECIAL INTEGRALS IN C. [f 
n<(n—d)p |ie., if \<n/p’|, then 
> > > > 8 
|AP||U(P, AP)|<CIlfIaPl?, (71,2) 
where 8 isaconstant with O<B<1. 


PROOF. Since \<n/p’,\p’ <n, and as a result 1/°CL,. on a bounded 
domain. We have 


> > 
JU(P, AP) f EO avg 
rgk 


Applying the Hélder inequality with the exponents p and p’, we find: 


1 


t+ ,,j)p'—p! yp am 
1UP, BP <I) f ARE aah” =i. (11.3) 
r<gkR 1 
We investigate the integral 
— (r+ ry?’ —P' 
A= "plat ip? — 20-z- 
ee OR 


For this purpose, we pass to new variables, setting x)= | AP|é;, y= Jap In, 
ee the coordinates of the point P are x; and the coordinates of Q are 
. Under this change the point P goes over into the point P,, the point 
P+ AP into the point Py, such that | P,— P| =1. The point of integration 
Q goes over into the ae Q:. 7 
We will have \O= > |=p=r/|AP|, 1@,— P| =p,=r,/|AP|, dug= 
|AP|"dvg,. We obtain: 
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lp!’ —p’ > ap! —pn’ 
(= F Ait ba 2 EE 2 Aap pi 
a oP py? appr’ v1 
<-> 
[oP | 
> n—\p'—p’ (p + py)?! ~?" D in—\p'—p’ 
=|AP| J pe eget ee ected) 
1 1 


Dividing the integral J, into two parts, we obtain: 





Jo = iS One naa = dv> = 
Pe? @. 
*<—> 
1oP | 
Ap 54 4,)\P'—P' 
(et ay dvs ate J <a i) a a 
pP'p oP php’ QO 
<2 R ne | 


SES TB 
The first term does not depend on | AP}, so that this is a convergent 
integral. 
Estimating the second term, we remark that outside the sphere p22, 
pi/p 1s included within fixed bounds, for since p— 13,,;<p+1, from which 
follows: 1—1/pSp;/p<14+1/p, i.e., 1/2 <p,/p $3/2. Therefore 


f (p+ py)? —P’ 


Lp’ Ap! t 
p* p Q 
ip ; 
[P| 
where K is a constant. 
Thus 
R n—p'—dp' 
Jeet, (r7) (11.5) 
| aP| 


Taking account of (11.4) and (11.5), we obtain: 
SSOO+C, | AP |?" — pt 


From formula (11.3) there follows 


> 1 
| U(P, AP) |< <ISI[Cy+-C, | aP amen ae Fe 
from which we find: 


JAP ||U(P, 4b)| < [fi (C,| APP’ LG [AB YP ]R, 
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If we set min(1, (n—)dp’)/p’)=8, we obtain 
> > > > 6 
JAP||U(P, AP)| <CIf| APF, where O<8<l, 


and the lemma is proved. 

REMARK. If n—dp’—p’=0, then by a modification of the argument 
we obtain 6 <1. 

3. A LEMMA ON THE COMPACTNESS OF INTEGRALS IN L,-. From Theorem 
2, §6, we have that if n2=(n—))p (i.e, \2N/p’) and if in addition s<n— 
(n— )p, then U(P, AP) EL, as a function of the point P for fixed AP 
on an arbitrary hyperplane of dimension s for which 


= Sp 
USI ae 


LEMMA. Under the conditions of Theorem 2, §6 we have the inequality’ 
[AP]. (Ue, Pine < CHAM APL, (11.6) 


where 8=min(1,2e), if 2e=(n/p’)+(s/q*) -A¥1, and B=1—n where 7 is 
arbitrary withO<n< 1 if (n/p’)+(s/q*)-A=1. 


We shall prove the lemma in the case 2e#1, leaving the proof for the 
special case 2e= 1 to the reader. 
ProoF. We have as before in the proof of Theorem 2, §6: 


—athai— J, 1.e., A= 7 ot 


Lie 
Pp 


We put \=(n/p’) + (s/q*) —2e, where 2«= (s/q*) — (s/q) >0. We choose, 
as before, g*>p (p<q* <q). 

First of all, we establish an auxiliary inequality for the function 
| U(P, sP)|*. Namely, we show that: 


UB, aby <ipte—? La, +4, [AB |O-F)” | > 


o—(e+5 yar 


x f Pipes _ dvs. (11.7) 


pa aed" Q 
T<FR 
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In fact, we obviously have 


> 1 1 ? a 
UP, ai f [p? Ge] pe to . 
r<k ca ase 
r rZ 

Bgl 

N a ae dox. 

apt Fe Q 
rP a i 


l pq* 











pq q q* 
We obtain gf 
s es tal 
[UB aPyi<| f /Pavg|? x 
r<R 
a—(e+ 3) ar = 
) r-+-ry) a 
| fee aag| - 
r<R 


n— oa ae f a 
(rn). Gala me ss 
Q 


Oe pe 


x r 
rok 


1 1 
1-£ > Gaga q? 
=P Pear)) fis ae — 25 
r<k 


where 


1 1 
n—(e+—)p' ~— 
By) (r+) i p 
w (AP) = rie, n— <p" te,| 
rk 


Estimating w(AP) by the same means as we estimated <J, in the proof of 
Lemma 1, we obtain: 
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n—(+q)p" )< 





Ret oye age (e+ pr) 
jo (aByP” <1aB—)"( _f Paapaw— 
°<— 
{AP 


me 
1 aP| 1 3 
<| aa z) P let k f AC z)? ah. 
2 

From (11.8) and the estimate which we have obtained for |w( AP) [ 
(11.7) follows. We remark that in the estimate for |w(AP)|" for e<} the 
first term is the important one, while for«> 5 itis the second term. __ 

Using (11.7), we pass to the estimates of the integrals of |U(P, AP) |* 
on an arbitrary manifold of dimension s. 

For simplicity, we restrict the argument to the case of a hyperplane. 
The general case may be reduced to this by a transformation of coordi- 
nates. 7 

Integrating the inequality (11.7) in the variable P and interchanging 
the order of integration, we obtain: 


8 


J... flU@, aby (Pao, < fe? La, 4 gl ABET 3)?’ FP 


-(+3)e 
x fog a { Ife aoe ae “5h aie 


r<Rk 





= yt? a, + ag ab (C2)? fe 


Mec 
x | ie { -. = oo as,} dog. (11.9) 
ny 


Trek 


In the interior integral in the variables of the point P, two singular 
points @ and Q@—AP will be possible. Each of these points for various 
values of Q may fall either on or outside the hyperplane over which P 
runs. We estimate the interior integral by a device which does not depend 
upon the positions of the points Q and Q— AP. 


80 S. L. SOBOLEV 


First of all, applying our previously described change of coordinates, 
we obtain: 


Bao, . glive 
i Si vant Ce do, =| ab C4)" x 


—a e jae e 
pied re «q 


(s+5)a°,, 
( 2 ny Qa 
ac ay Zee av, = |ai | ae Jy (11.10) 





aay 


We decompose once more the domain of integration into the portion 
lying within the sphere »<2 and the portion lying outside that sphere 


ea a 
Jy =Jy peel erat Juste Crag dy (11D) 


<2 pP>2 


We shall show now that the integral J; is bounded for arbitrary posi- 
tions of the points @ and Q—AP. We introduce on the plane a system of 
polar coordinates, taking for its center the projection of the point Q on 
the plane. Suppose that this projection is Ou: The distance in the plane P, 
to the point Q we denote by ®. Then p=(R?+h7)'? where A is the 
distance of the point Q from the plane. 

Suppose, further, that the projection of Q- AP on the plane P, is a, 
the distance on the plane P, from the point Qi is denoted by &, and the 
distance of Q— AP from the plane by h,. Then 


= VEER 


For h>j, h,> 4, the integral J, will be bounded by virtue of the fact 
that p and p, will both be bounded from above, as well as from below (by 
the value }). For h<},h,>}4, to estimate the integral we remark that 


p+p, 85, p>} ,p;>R. Thereby: 


where K, is some constant. 
Similarly we estimate J» in the case in which h>!, h, <!. Finally in the 
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last case, in which h<}, h, <, the distance between the point Q and Q, is 


greater than } and, consequently, 


—_—_— 


nak f ..- | ecagecae 


i.e., J, will be a convergent integral. 

We now estimate the integral J3. We remark as before that the ratio 
p,/p is included within fixed bounds, and, using polar coordinates in the 
plane P,, we shall have: 


R 
> 
[4p | 


= 1 s 
ee Kf Re! Vara toe) df, 


where a=0 if h>2 and a= (4—h’)'” for h<2. For h>2 this integral is a 
decreasing function of h. Therefore it suffices to verify the estimate for 
hS2. For these values the integrand is bounded on the segment aS R <2. 
Furthermore, if #22, we obtain by means of some estimates: 
sale 
\ aP| ] («— 5) q* 
e——) q?>—1 R 2 
nec, [ go)? dR =C,(—S 
ys) J 3 <3) 
> — eae « 
—C,4.¢,,aB Oo)" 
From this, using (11.11) and the boundedness of J2, we find: 


IS Cyt Cab [Coa 


Thereby, on the basis of (11.10), we obtain: 


lcs 
I< Cy+ Cy ab 3) 
and if we apply (8.9), we obtain: 
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8 


maT erat Cogs 
fon fy (eBy do, <I LA + Aa ABI Xx 
X [C5 Cela 2)", 


From this we conclude easily that: 


: 7 B, if e>%:3 


[fo flee ay ae)” <a 


B,|AP|"—', if e<z- 
from which follows: 


\ABi[f-. flu, aB)P av)” < air aBe, 


i 1 
s 


where 8= min (1, 2e) and the lemma is proved. 
4. COMPLETE CONTINUITY OF THE IMBEDDING OPERATOR IN C. 


THEOREM 1. If n <p, then the operator of imbedding W;) in C is complet- 
ly continuous, i.e., forany set }¢|C We with bounded norms | ¢| wi SN, are 
compact in C. ° 


From the Imbedding Theorems it follows that {¢! is bounded in C. It 
suffices to prove the equicontinuity in C of the set }¢!. We have 6=S+ 
¢*, the decomposition of ¢ by the formula (7.12). 

Since || S| s+ lol oN for all ¢€}¢}, ||Sl|s SN and, as a result the 


coefficients of the polynomials S are uniformly bounded. From this follows 
easily the equicontinuity of the polynomials S. It remains to show that 
from ||¢|| 0 <N follows the equicontinuity of the ¢*. We have: 

Dp 


re 1 a! ) 
o* P)= fo > Wa... 4 amie. Tah ¢ aus: (11.12) 


Set 
r.=|Q—(P+aP)|. 


Then 
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> > > > -> ae > > teal 
Way ev ty (QP+AP) — Way oa (QP) Bay... 0, (rh P+ OP) 
“iat 7S r? U jo “et SS} = 
Wey we (GP) ~ > l l 
—_ al By wees Hy, (r l, P) ( i—l rr + 


] —_— > > > —- > > > 
Ppa {Wee ns og (tte hy PE AP) — We, 0 (0 By, Pop AP) | + 
1 
> 


a7 eee rd, P AP) — w, ioe r, LP AP 
4 n 1 1 n ) 


n 


[Wo ay BPO) — Ge, a(R PM. (118) 


Since w....,. (7, i, P) and its derivatives with respect tor, l, and P are 
bounded, while in addition Iri-r| S|AP|, (r+r,/r) 21, and 1/(r- +r\)> 
A>O (the domain being bounded), tt follows that 


l Pn > > ca : —_— > —> -> 
Fa [Ben ney (als PH OB) — We, (Oy B+ AP)]| 


_ ALaP ey kee 








go = pnt re —1 
Analogously we find: 
| = aie > — ae 
pat [Ben ay OB BOP) — We, 0, 4 P)]] < 
A; | OP | (feet = Fe! 
ie < B rn—!t poate 


Furthermore, since [= (Q—P)/r, l= (Q—(P+4P))/n, 


> > > > > > > > > 
7 fa a P= rtP— 4 Pn — Q—P — ah) aP 
1S rr; ee rr) ’ 


from which it follows that 











1 —_ > > > as > 7 
| pit [ a, sen (Oe hy Bp OP) — W.,.. 4 ( B+ 4P)] |< 


> > 
_7 a 1 > n—t—1 
< Al < 24, | 4) <2A jap | oe _ 
1 
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and, finally, 


>> 1 1 \ Ay n—l n—l 
Wa, ..., ai L, 2) eager <poeailr —ry |= 





rane |r; —r| (en + pe ryt... rn 4. co 
A|P] 
= 
n—l on—b r+r,)” , 
ry rar 
n>l, n—l—1>0. 
Substituting these estimates in (11.13), we obtain: 
>> > >> 
Wa,, ..., 4 (Q.P+ AP) Way wees on (Q, P) (ren) 
n a ee 


— — ? 
nl r” hy L 


< 





r 





n—l 
La r 


and from (11.12) we find 
> > > > n—l—1 
let +P) —98 (P)|< C1 AP | f EP x 
2 


n—l n—l 
r ry 


a» 


—__——— | d 11.14 
- » | Oxtt ... Oxtn °8 a 





In the derivation of the inequality (11.14) we never used the assumption 
that Ilp>n. We apply Lemma 1 to (11.14), putting A=n—l. We obtain: 
n—r=l, (n—d)p=lp, and by the hypothesis of the theorem, [p>n; con- 
sequently the inequality n<(n—\)p is satisfied. Then 


lox (P+ AP) —9* (P)<Klpll ,m [SPs B= min(1,/—2), (11-15) 
Pp 


from which follows the equicontinuity of ¢* for a set }¢} bounded in 
wr, since this estimate of the oscillation does not depend upon the 
particular member ¢ of the family of functions }¢}. 

Theorem | is proved. 


5. COMPLETE CONTINUITY OF THE OPERATOR OF IMBEDDING IN Lig 


THEOREM 2. If n>Ip, s>n-—lp, q* <sp/(n—lp), then the operator of im- 
bedding the space Ws) in L,- for an arbitrary hyperplane of dimension s is 
completely continuous, i.e., each set {¢!CW with bounded || ¢| we) turns 

P 


out to be strongly compact in L,.. 


The proof of this theorem is essentially a repetition of the proof of 
Theorem |. It all reduces to the proof of the equicontinuity in the large 
of the functions ¢* in L,- if || ¢|]|,«@ SN. We need to show that 

Pp 
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> > > 
lo* (P + AP) — o* (PIs. <e, (11.16) 


if only | AP <6(e), where 6—0 when e—0. For this purpose, we apply 
Lemma 2 to the right side of (11.14), putting \=n—l; then the inequality 
n2(n—\)p is satisfied since by the hypothesis of the theorem n2=lp. We 
obtain, using the inequality (11.6): 


* (De) 3 * (De) * 18 
jo* (P+ AP) — o* (P Vg S Kilell gm laPr 


p= min[1;+—(4—J)], 


from which there follows (11.6). Theorem 2 is proved. 

REMARK. Suppose that on the domain 2 there is given a summable 
function $(x,,---,X,). Let E be a smooth manifold of dimension s. We 
shall say that $(x,---,X,) is continuous in the sense of L,-, if 


> > > )a* > 
f |e @+4F)-eF) dE +0 for |4P |= 0, 
E 


for any manifold FE for which only the translation of E by the vector 
AP is contained in 2. From the theorems proved above it follows that 
every ¢@ W, is continuous in the sense of L,-, ifs>n—Ilp and q*< 
sp/(n—lp) (if n—lp<0, then ¢ is continuous in the ordinary sense). 


CHAPTER II 


VARIATIONAL METHODS IN MATHEMATICAL PHYSICS 


$12. The Dirichlet problem. 

1. INTRODUCTION. As is well-known, the equations of mathematical 
physics often appear as the Euler equations for certain variational prob- 
lems. 

In the calculus of variations, when looking for the extremum of some 
functional of the porn) 


if- [FTP a Ede nas bat 
+f-Fole = x;) dx, ee 


in some class of functions, one finds the solution of some boundary value 
problem for the corresponding Euler equation. 

On the one hand these variational problems for the extrema of func- 
tionals may often be solved by direct means. So it is natural to ask whether 
conversely in those cases where the basic equation is an Euler equation, 
one can reduce the given boundary value problem to a problem of the cal- 
culus of variations which may then be resolved by means of the direct 
method. This is precisely the idea of the variational methods in mathe- 
matical physics. 

We begin the investigation of the variational methods of mathematical 
physics with the study of the simplest equation of elliptic type, namely 


the Laplace equation: 
Au = 0. (12.1) 


We consider for this equation the Dirichlet problem, i.e., the problem 
of finding the harmonic function taking on given values on the boundary. 
Let 2 bea bounded domain of n-dimensional space bounded by a surface 
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S which isa piecewise continuously differentiable or consists of a finite num- 
berofsuchsurfaces. Let S bea regular boundary in the sense defined above 
(cf. Chapter I, §10, item 2). 

We consider on 2 a function u(x,,X9,--+,X,) which is summable and has 
square-summable generalized derivatives of first order. Let 


Diu)=f...f V2) a2 <oo (12.2) 
2 i=1 


This means that u@ Ws’, and consequently by the basic Imbedding 
Theorems, uC L, on every (n—1)-manifold since 


n—1)2 2 
2< gm Pop tt ga 
Moreover, one may assert by virtue of the complete continuity of the 
imbedding operator that if a piece S, of some (n — 1)-dimensional manifold 
istranslated by a vector AP so that it remains within Q, then 


n—1 


fo. fta@+ P)— uP) Pav, 0, (12.3) 
S, 


> 
|AP|— 0. 


It isobvious therefore that not every function ¢CL, given on the surface 
S can be the limiting value of some function v€ WS” given in the interior 
of the domain. Indeed there also follows from the Imbedding Theorem the 
summability of the limiting value v on the surface to any power less than 
2(n—1)/(n—2). Later we shall see (cf. item 5) that such summability and 
even continuity of the limiting values is still not sufficient in order that 
such a function may appear as the limiting value of a function in W3!. 

Let us agree to call a function ¢ given on the boundary S of the domain 
permissible if there exists a function v in W$" for which ¢ is the boundary 
value. 

The Dirichlet problem consists in seeking a harmonic function from W 
which assumes on the boundary the given permissible value ¢: 

u|,=%. (12.4) 


Let us proceed to the solution of this problem. 

For this purpose we first solve a variational problem and then show that 
the solution of the variational problem turns out to be a solution of the 
Dirichlet problem. 

2. SOLUTION OF THE VARIATIONAL PROBLEM. We denote by W3(¢) the set 
of functions v in Wj’ which assume the value ¢ on S. Since ¢ is a per- 
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missible function, W3!(¢) is not the empty set. For each v€ W3'(¢), we 


have 
0<D(v) << ~, 


and therefore there exists a greatest lower bound for the values of D(v): 


f=. inf - BG), dS: (12.5) 
0 € wi (2) 
From the set W3!(¢), we may choose a sequence {v,} for which 
lim D(v,) =4, (12.6) 
k>o 


as follows from the definition of greatest lower bound. The sequence }v,! is 
called a minimizing sequence. 


THEOREM 1. The minimizing sequence {v,} converges in W3): the limit 
function lies in W$)(¢) and yields a proper minimum for the functional D(v) 
among all such functions. 


Let us prove this theorem. Indeed, we define the norm in W3" by the 


formula 
1 


2 2 
obtained from formulas (7.5) and (9.8) for 


(, =f... f vas. 
s 


From the equation 
ie - f (%— Up) aS = 0 
s 


we obtain: 


1 
lv, — Vy ll wi) = [D (u,— ,) |? : 


The convergence of {u,| in W$’ will be proved if we can show that 


D (YU, — Vm) —0 for k, mM —> ©CO.~ 


Let «>0 be given. We can find N>0O such that D(u,) <d+e if R>N. Let 
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k and m>N. Obviously (u,+0,,)/2€ W3''(¢): and therefore 
D (ep *) > d. 
From the obvious equality 
p (eben) + p (Ye) = 5 D(M) + 7D (Om) 


follows the inequality 


Mn 


d+ p(y em) < SEP Se 








=d-te, 


Dp (438) <e, or D(v,%—V,_) <4e, 


and, consequently, 
D(Yy,—Vy,)—>9 for k, m—> oo. 


From the completeness of the space W;’ it follows that |v,{ converges to 
some function Uy in W3”, ice., 


| % — V,|| wi) — 0, k + oo. 


Weshall show that D(u)) =d. For this purpose, we note that: 


pw—owol=|f-o-f TS (2) -) ) |@2]= 
“FTG Sex) (240 4 $k) ae 
“xh, 1 BEYER + BB) eo] < 


— = wu _ 
BLS Seale) FS (a aay] « 


<d PoE Mell yan on f (2 — 2% Jaa)" < 


fel 











< 














| 





S < |] % + Px ll 0) » [| %— Uyl| with 
from which there follows 


D (vp) = lim D (uy) =d. 


k-> co 
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It isnot hard now toshow that u.€ W3'(¢). 

Indeed, u.€ W}’ and therefore, the function vy hasasense on every mani- 
fold of dimensional (n—1) and on every such manifold lies in Ly. 

The value of the function uv, on the surface S will be equal to ¢. Indeed, 


fice fw aS < Jo, = 291 
and consequently ; 
J --+ fe — ap as - 0, 
s 
but u{s=o, andthus, 


J ve [ (e—w)2ds =0. 
s 


The function vp takes on its boundary value ¢ by converging to it in the 
mean as was shown in the Imbedding Theorems. 
Thus u,€ W3” issuch that 


Therefore the variational problem is solved. 
3. SOLUTION OF THE DIRICHLET PROBLEM. 


THEOREM 2. The function giving a minimum to D(v) on WS''(¢) is the solu- 
tion of the Dirichlet problem. 


We shall show that up in the interior of 2. has continuous derivatives of 
arbitrary order and satisfies equation (12.1). 
Let ¢@ WS”, €|;=0 and otherwise arbitrary. Consider 


D (Up -+ NM) = D (Up) + 20D (Up, &) + A°D (3), (12.9) 
where , 
= OVy Of 
DO) Dig oe 2° 
2 i=1 


By virtue of the fact that up +A&€ W3''(¢), we have D(up+Aé) 2d= D(vy) 
and therefore (12.9) has a minimum for \=0. By the theorem of Fermat. 
we have 

D (vp, t) =0. (12.10) 
We shall choose £(x;,---,x,) of a special form. Let ¥(n) be such that ¥(n)=1 
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for OSS}, ¥(n) =0 for 721, ¥(n) monotone on [3,1] and having continu- 


ous derivatives of arbitrary order for all 7€(0, ©]. For example, put 
3 


1 et 


a ca eT 


Consider some interior point M, of the domain Q; the distance from it to 
an arbitrary point we shall denote by r; Suppose M, is at distance 6 from 
S. We choose two numbers h, and h, 


O<h, Chg < 


1 
; 7 <ad<l. 


and set 


="-l9(5)—9 (6). 


It is obvious that 4s=0 by virtue of the choice of A, and hy. In addition 
£=0 for r<h,/2 and consequently the function ~ is continuous and has 
continuous derivatives of all orders, and thus &€ W$”. For such &, (12.10) 
holds. By virtue of the definition of the generalized derivative dup/dx,, 


we have 
OU, OF =e Oy 
J... fae ea J fos a 
2 2 
Therefore the equality (12.10) gives 
J --- frst a2 =o. (12.11) 
2 
But 


8 (-M4E))—8 (ME) aS) —ag “08 
o(Z)=me (om (Q)= a [CEG] 


and it is obvious that the right hand side is a function only of r/h, 
Using the fact that ¥(r/h,)=1 for r<h,/2 and Ar’~"=0, we obtain: 


© (~)=% red. 


Thus .é is the difference of two arbitrarily often differentiable functions 
on the whole space and equation (12.11) gives 


cal is J vow (j,)d2 = o5 f . from (= )ae, (12.12) 


Multiplying both sides of (12.12) by 1/(n—2)o, where o, is the surface 


VARIATIONAL METHODS IN MATHEMATICAL PHYSICS 93 


area of the unit sphere in n-dimensional space, we obtain: 
1 r 
oa ae a sae dQ _—=> 
(n—2)o, kh” if 7 f 20 (F) 
es J -° r 
(n= 2) o,h® f — J ae (=~) dQ. (12.13) 


The function ((n—2)o,h")' w(r/h) may be considered as an averaging 
kernel (cf. Chapter I, §2, item 4) since its integral over the whole space 
is equal to 1. In fact, 


conagel f° (5) = aaa J + fa(emn(G))ee- 
gta aigy ee) 


1 eo a(re-ny 


=e ee Jo f rt-ndS = 


ey 1 h\i—n h\n-1 1 
==,(3) (a) = 
Using this, the equation (12.13) may be rewritten in the form: 
(Y)n, = (Vo) a, « (12.14) 
We see that the averaged functions for vp do not change with a change in 
h (if h<6) at points lying at a distance greater than 6 from the boundary, 
and consequently the limit of the sequence (vo), coincides with the se- 
quence, i.e., (Uo),;= Uo. Since (Up), has continuous derivatives of all orders, 
the same is true for Up. 
Suppose now that ¢ is an arbitrary function continuous with its first 


derivatives in 2 and null outside some interior subdomain. Then obviously 


an integration by parts gives: 
n 


—_—— 
D (%, 8) = — f aint f tax, 42 =0, 
Q 


from which by the arbitrariness of £, one concludes: 
Av, = 0, 


1.€., U9 is a solution of equation (12.1) and, as was shown earlier, assumes 
on S the values ¢(P) (in the sense of Lo(,_,)). Thus vp is a solution of 
the Dirichlet problem. 
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4. UNIQUENESS OF THE SOLUTION OF THE DIRICHLET PROBLEM. 


THEOREM. The solution of the Dirichlet problem in the indicated formula- 
tlon is unique. 


We establish as a preliminary one important lemma. 


Lemna. Let ¢€ W3") be continuous with its partial derivatives of first order 
within Q and Hs=0 in the sense of L,, ,. We introduce the function 


iY fe within 25), 
2" (0 outside of Qpy, 


where Q, is the set of all points whose distance from the boundary S is not less 
than 6. Form the average of Wo, with respect to the kernel (xh") ' y(r h) 
where w(n) is the function introduced earlier and «=a, Jfo'n"W(n)dn. This 
averaged function we denote by xz: 


Xn = f ace f ¥en (Ze 


rch 
Then for any function v€ W;", we have the formula 
D(v,§) = lim D (v,ty,). (12.15) 
h>0 


ProorF. Obviously x, has continuous derivatives of all orders and xy,= 1 
on Q4,, x,= 0 outside of 2,. From the equation: 


07», 1 
. 1 Raed pa Q 
nH =a J+: a) Vout (4) ag 4 


we conclude that 


A 


Oy, 
eae (12.16) 


Oxy 











The function éx, has continuous derivatives of first order in, and is 
equal to zero outside of 2, and equal to & within @,,. We need to show that 


D(vi—%ty,)-0 for h>0, (12.17) 


for any vC W3”. We estimate ve expression. We have: 


a= J -- ar pes 


| Oxy "xy. 


rs 0; 
Vie oe es a ye AG 2 
J eat J ~~ Ox; OX; (1 71) , Ox; a2 = 


7=1 


D(v,k 
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ae Sa rm ie7 aes) aif = ge dQ. 


2— “ho 23h i 


As is easy - see, |1—x,| S$ 1, and therefore the first integral on the right 
side does not exceed 
1 


[f aoe Sey aa] (f J > Ge) ee] 


and therefore converges to zero as h—O by virtue of the convergence of 
the integrals D(v) and D(é). 
Let us consider the second meri: We have by virtue of (12.16): 


--- feBe te 
aad VX OX; 


t=1 


<i f- fag 


wl 


Ov 
Ox; 








AV fo. feof... [U(sefae 


Pan ho “3h 
Because of the convergence os D(v): 


is SRG =) a +0 for h>0. 


25) t=1 


It therefore suffices to show the boundedness for h—0 of the expression 


el x ee (12.18) 


2,—25) 


and the lemma will be proved. 
Let S be a domain in the plane y=const. and Qa cylindrical domain in 
the n-space of (¥;, ¥2,--+,¥n) given by the inequalities 


OS ¥n<SMg (Mis Var ves Mn ES. 


Let © Wj", &|s=0 in the sense of L,, ,; and having continuous deriva- 
tives in 2. Then we have, taking Ay,>0, 
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IE (ys Yo sey ¥n-1 Int AVn) — FO see P= 


n P ad er 
=| f ay, Wn < Ay, if (FY ay, 


Yn yy, 





Integrating over o we obtain: 
f _ PEC rer woe Yaar Int An) — EO » In) PS < 
s 


Vat Vn ” 
se) f J (@ dnd <n f+ f Fal dyd2< 
2 


SAY MEllGyn - (12.19) 
Taking y,—0 and replacing Ay, by h, we obtain: 
Jones PLEO der os Ina A) PAS < AE pen 
Integrating in h between the limits Ah and Bh (A <B), we find: 


Bh 
f f bate flECru ve. Les Vane Yn) Pd S dy, < Kr? 
Ah 3 


from which follows 


ds fi... f lEPaQ <K. (12.20) 


h2 
Ah <4, < Bh 


We now prove the boundedness of (12.19). Let hg>0 be a sufficiently 
small number. We decompose the domain 2—{ into a finite number of 
intersecting domains V; (1=1,2,:--,k) such that each piece is ‘‘based”’ 
upon some piece S; of the surface S. For each Vj, by virtue of our assump- 
tions about the surface S, we can find a bicontinuous mapping of V; on a 
cylindrical set 0; with base S; such that the mapping and its inverse have 
piecewise continuous and bounded first derivatives. For this domain 
Vi (Q,—Qy,) (the intersection of V; with (Q,—Q3,)) is mapped into some 
domain lying in the strip 


A,h <n < Bh. 


Applying (12.20), we conclude the boundedness of (12.19) for each V, and 
therefore for the whole domain 2,—Q,. Thus for every v€ W$' and 
EC Ws" 4s=0, we have 
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D (0, §) = lim D(v, €y,) 
h->0 


and the lemma is proved.” We now proceed to the proof of the uniqueness 
theorem. 

Let us assume that in addition to up there exists another function 
uC W3(¢) such that Au=O0. For such a function D(u)>d. If D(u) =d, 
then u could be interspersed infinitely often in a minimizing sequence 
converging to Ug, and then we should obtain the conclusion that u=u 
since the resulting minimizing sequence must converge and have the same 
limit as each of its subsequences. 

Thus if we demand that u be different from up, it is necessary that 
D(u) >d. We shall now show that this is not possible. 

If uc W” and in addition Au=0, and ¢ is the function from the lemma 
which we have just proved, then 


D(u,§)=0. 


This equation is obtained by an obvious limiting process from D(u,§x,) =0 
by virtue of the lemma. 
Furthermore, 


D (4-28) = D(a) + 2dD (uw, ) + 2D (6) = D (4) + VD (OY) > 
2>D(u)>d 
by virtue of the condition D(u) >d. On the other hand, putting \=1 and 
§=uUo—u (t|s=0, we find: 
D(%)> 4, 


which contradicts the fact shown earlier that D(u)) =d. 

The proof of the theorem is complete. 

5. HADAMARD’S EXAMPLE. In conclusion, we present an example due to 
Hadamard showing that summability and even continuity of a function 
given on the surface is still insufficient to ensure that the function can be 
a boundary value for a function from W$. 

Let 2 be the circle x*+y’<1lin_ the (x,y) plane and (p,6) polar 


coordinates in this plane. 
Let 
oo 


9(0) = pone. 


ul) 





” Formula (12.20), and with it the whole lemma, may be proved not only for functions ¢ 
having continuous derivatives in the interior of the domain but for arbitrary functions 
from W5 vanishing on the boundary. For this purpose it suffices to take a limiting process 
in (12.19) replacing & by its,averaged functions &y. 
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Obviously #(0) is a continuous function and the function 


cos 1 c 0 ns 
uy (9,8) = YA 6” 
= 
is a harmonic function in the open circle x°+ y?< 1, continuous on the 
closed circle x*+y <1, and coinciding with (0) for p=1. 
Furthermore, we have 


SS IGY+S) ‘Jesay~ fe en a at] dp = 


ef Y v nig? — ‘pany py” > 00 for tM 1, 
0 a ret 
from which it follows that u,¢ W$” in Q. 
If ¢(0) were a permissible function in the sense of item 1, then, 
solving the Dirichlet problem by the variational method, we would 
find a harmonic u,(x,y)€ W;" such that 


id 


J | wo (p,9)—+ (0) [20 + 0 for p> J, 


and therefore 


Qn 


f | 4a (p, 0) —o (8) |db > 0. 


tt) 


The same condition holds for u,; since u,(p,0) is uniformly continu- 
ous. Therefore 


Qn 


f | 49(p, 9) — 4, (p,0) [dd + 0 (12.21) 


0 
for p—-l. 

Let py<p <1. Then by the Poisson formula for harmonic functions 
on the circle, we have: 


2n » 
“alo Mi (bo = Tel 3 aan eT rpg le )— 
—u,(p, 0)}d9, (12.22) 
For fixed po and p---1, the function 
P5 — 2pop cos (8 — 8,) + p” 
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remains bounded and therefore, on the basis of (12.21), the right side of 
(12.22) converges to zero for p—1. Since the left side of (12.22) does not 
depend on p, it must equal zero and by virtue of the arbitrariness of po 
and 6), we have: u;=Uu». This is impossible since u,C W3”. As a result, 
¢@ cannot be a permissible function. 


§13. The Neumann problem. 

1. FORMULATION OF THE PROBLEM. We have considered for the Laplace 
equation the simplest problem, the Dirichlet problem. Let us now pass 
to the study of another basic problem, the Neumann problem. 

Let 2 be a domain of n-dimensional space bounded by a sufficiently 
smooth surface S. 

Let uC W$'’. Consider the functional 


H (u)=D(u)+2(p, «), (13.1) 


where 
D(u) = f{ “oe f G5) @ 


and (p,u) is a linear functional on W$!". In all the following, we shall 
assume that 


(p, 1) =0. (13.2) 


THEOREM. Jf (p.1)=0, then H(u) ts bounded from below. 


Proor. If u—v=const., then (p, u) = (p,v), 1.e., (p,u) has a constant 
value on each class yC L$". By virtue of the linearity of the functional p, 
we have: 


[(p. 4) |< MI}a | ya. 


Since for every class ¢€ LS", (p,u) has a constant value. while for one 
of the functions u, of that class | wv, || w= ean 10 it follows that 


I(r, [= [0 4) |< Mal ay = Me y= MVD). 


Thus we have: 
H (wu) = D(u) 4-2(p, u)>D(u) —2|(p,u)| > D(u)—2M VD (u)= 
= (V D(u)— M)?—M’> — MM, 


1.€., 
(a) > — M?. 
The theorem is proved. 
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As a result, there exists a greatest lower bound for H(u) which we 
denote by —d: 


inf H(u) =—d. (13.3) 


2. SOLUTION OF THE VARIATIONAL PROBLEM. 


THEOREM 2. There exists u@ W3” such that H(u) = —d. In addition, for 
an arbitrary «© W}, we have the equality’ 

D(u,8) + (9, 2) =0. (13.4) 

Proor. Let {vu,} be a minimizing sequence, i.e., vu, Ws” and lim H (4) = 


k—@ 


—d. Then from the obvious equations 
D (en) = 5 [D (v;) +2 (p, Ux)) + > [D (Um) +- 2 (p, Um) =a 
as [> (aoe) 2 (0, aap tm | = 
] J m 
= 5H (0) ELH (Um) — H (ES i 


If we choose k and m sufficiently large so that H(u,) << —d+e and H(u,) < 
—d-+e, and take into account the fact that — H((v,+u,,) /2) <d, we have: 


U_R—v —d-+e —dte 
p (2a tn) SSE HE td ae, 
i.e., 
D (U,— Um) < 48. 
Thus {v,} converges in LY’. By virtue of the fact that H(u) has a con- 
stant value on each class yCL! while for one of the functions u; of that 
class || u,|| wa || ew, || 1) for a minimizing sequence we may always pick a 


sequence for which 
Il Uxll ro = lel z- 
For such a choice { u,} converges in W$’. Let uG W}” be the limit function. 


Proceeding as we did above in the consideration of the Dirichlet prob- 
lem, we obtain: 


| H (u) — H (v,)| =| D(4)— D (vy) + 2 (P, 4 HIS 
<|DU)— D(%)|+ 2]. 4 — a) < (allo 
+ [xl pa) [4 — Pell i) | 2M ||a — onl wit < (all par 
+ [Pell ay 2M] + le — ell, 
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or 
| (4) —H(%)l p55, 


from which it follows that 
H(u) = lim H(v,) = —d. 
k->co 
Let ¢€ W3”. Then 
H (u +) = H(u) + 2A [D (u, §) + (p, &)] + A2D (8) 
has a minimum for \=0, and by Fermat’s theorem we have 
D (u,') + (p,§) = 90. 


The theorem is proved. 
Each function u€ W}” is summable on S to any power q* where 


= 2(n—1) 
n—2Q ° 


q* <q 

We denote by L,-(S) the set of functions u defined on S and summable 
to the g*th power. Let (ps, u) be a linear functional on L,-(S). Then by 
the Imbedding Theorem (ps, u|s) is linear on W3”. Indeed if uG W;”, then 


I(Pss 4 |s)< Ky lel tgs) << KM [ell yo = KM 4 Myo, 


where K,, M, and K are various constants. The inequality so obtained 
establishes our assertion. 
3. SOLUTION OF THE NEUMANN PROBLEM. 


THEOREM 3. If (ps,1) =0, then there exists a function u@ WS’ such that: 
(1) InQ, u has continuous derivatives of all orders and satisfies the equation 
Au=0. (13.5) 


(2) Let Q, bean arbitrary increasing sequence of domains having sufficiently 
smooth boundaries, contained in 2 and converging to 2. Then 


: Ou i 13.6 

J f se Jf EdS, = —(ps, §), ( ) 
k 

where n is the exterior normal to S, and &€ W$” is an arbitrary function. The 

problem of finding such a function u we will call the Neumann problem. 


ProorF. On the basis of Theorem 2 there exists a function u€@ W3’ such 
that 
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D (4,3) +(s,3) =0 forany FE W%)). (13.7) 


If we choose £=0 on some strip around the boundary S, then (ps, &) =0 and 
we obtain D(u, £)=0. From this it follows by a literal repetition of the 
argument of the preceding paragraph that u is arbitrarily often continu- 
ously differentiable and satisfies the equation \u=0. The first condition ts 
established. 

Let & be an arbitrary function from W$'’? We then have 


NV Ou Os Ou 
D (1,8) = A Ss Jye Ox; OX; aes iM [f a“ ft On aS, is 
S, 


k> ol 


k > oo 


ee lim 45, 
*k 


Taking (13.7) into consideration, we obtain (13.6). 


THEOREM 4. The solution of the Neumann problem is unique up to an 
arbitrary constant. 


Suppose that there exists two functions u,; and u.C€ W3” satisfying the 
equation Au=0 and the same condition (13.6). Their difference ¥ = u,—u, 
is a harmonic function and satisfies the condition 


any ie fe On LdS_= ic 
Putting = y, we find 


a) Sta dS_= lim f + J lgrady [2?d2 = D(s)=0, 
“ke 


from which it follows that ¥ =const. 


REMARK. If 
(0s, «t) =|... fs ou aS, 


then the “boundary” condition ay takes the form 


f-. fetaspiim fi... fe asy=o. 
s Sp. 


k-0o 


The functional (ps, &s) represents its generalized boundary condition for 
the function u in which the quantity du dn converges to its value in the 
weak sense. Such a formulation is completely natural in the given situa- 
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tion since limit values for du/dn if uC W$" may not exist or need not con- 
verge to their limit in the strong sense of the word. 


§14. Polyharmonic equations. 

1. THE BEHAVIOUR OF FUNCTIONS FROM W3” ON BOUNDARY MANIFOLDS 
OF VARIOUS DIMENSIONS. The consideration of variational methods may 
be carried over to boundary value problems for polyharmonic equations. 
We pass now to the study of the basic boundary value problems for such 
equations. 

Suppose that the bounded domain 2 of n-dimensional space has a 
boundary S consisting of a finite number of smooth pieces of varying di- 
mensions. Suppose that S is a regular boundary (cf. Chapter I, §10, 
item 2). The equation 


n 
(1 0d? \m 
amu = ( =) u=0 14.1 
> ax} ( ) 
t=1 
or 
¥ mi! O2nu = 
ay! a! ... ay! Ox, Axi” we ONZIN ~ 


Vv 
at mM 
is called a polyharmonic equation. 
The equation (14.1) appears as the Euler equation for the integral 


= Vv wo =) @. (14.2) 
D(u) f ae f yo ay! aa! avs a,,! Oxy OX, Ake Ox7n a , 


Me;=m™ 
Obviously 
D(u) = [lal dem 


Let uc Ws”. If n—2m <0, it follows from the Imbedding Theorem that 
u(x}, X2, «++ , X,) is continuous and has well-defined values on manifolds of 
arbitrary dimension. If n—2m>0 and n—s>n—2m, then u(x, --- , Xn) 18 
summable on manifolds of dimensions (n —s) to any power 

q* <q=2(n—s)/(n—2m). 
Since gq>2, we may take q*=2. Therefore if n—s>n—2m>0, then u€ 
L, ,-; 0n manifolds of dimensions (n—s), which we shall denote by S,_.. 
Thus, vEL, ,_, on S,_, if 


$< Qn. (14.3) 


Moreover, from the complete continuity of the imbedding operator it fol- 
lows that u(x,, --- , xX,) is continuous in the sense of L, ,_, and therefore 
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has limiting values in the sense of L, ,_, on portions of the boundary of S 
having dimension n—s, where s<2m. As was shown earlier, u(x, +--+ , Xn) 
has all derivatives of order less than m. We consider the derivatives of kth 
order, where k<m. 

If n<2m, the derivatives of kth order belong to Ly on manifolds S,_, of 
dimension (n—s), where 

n—sS>n—2(m—k) 
or 
s<2(m—Rk). (14.4) 


From the complete continuity of the imbedding operator, it follows that 
the derivatives of kth order are continuous in the sense of Ly, ,_, where s 
satisfies (14.4) and therefore having limiting values on portions of the 
boundary S,_, in the sense of Ly y_s. 

From the inequality (14.4) it follows that 


a<m—|5]—1, (14.5) 
i.e.,on manifolds of dimension (n—s) there exist limiting values in the 
sense of L, ,_, for derivatives up to order m— [s/2]— 1. 

We form these results into a table. 









for functions and 
all derivatives up to 
order (inclusive): 


exist limiting values 
in the sense of: 


On manifolds 
of the boundary: 








Se rs OO A i Si Sn Sn i Se Sr Sry 






Sn-am 2 » n—-2@m +? 






Sn-om +1 + m—-2mrl 





This table is formed under the assumption that n—2m+1>0. If 
n—2m+1<0, then for some k either n—2k=0 or n—2k—1=0. 
Then we have m—k—1<m-—(n/2), and as a result, the functions and 
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all their derivatives up to order m —k—1 are continuous. The table then 
turns into one row: On Sj there exist limiting values of the function and 
all derivatives up to order m —k—1, inclusive. On the manifolds S,, S4,---, 
S,-1, all the derivatives up to the (m—k—1)st order are also continuous. 

Obviously from the continuity of the function there follows its con- 
tinuity in the sense of L,,_,. Therefore in the following estimates ordinary 
continuity will not be mentioned and all arguments will be carried out 
under the assumption of continuity in the sense of L.,_,. 

2. FORMULATION OF THE BASIC BOUNDARY VALUE PROBLEM. Suppose 
that the boundary of the domain consists of the manifolds S,_1,S,~2,-:, 
Sn-om41, if n—2m+1>0, or if the manifolds S,_1, S,_»,--+,Sq if n—2m+ 
10. Any one of these manifolds may be absent. 

Suppose now that on each of the manifolds S,_, we are given functions 


lt —8) S 
Anno, where 0.< Da,<m—[$] —1. 


If there exists u(x,,---,x,) © WS” such that 
em +..-+3, 9 


=e? , (14.6) 


nm 





ONT caxh Oxon rene 
then we shall say that the system of boundary values 


| ee “| 


is permissible. 

For any permissible boundary values, it is obvious that if n—2m+1>0, 
then all the Pinan Lon-ss and if n—2m-+1S0, then all the functions for 
which 0 <> a;Sm-—([n/2|—1 are continuous and the remainder belong to 
Dine 

For the polyharmonic equations, in distinction to the Laplace equation, 
we may give boundary values not only on the boundary surfaces of dimen- 
sion n—1 but also give permissible boundary values on surfaces of lower 
dimension, as a simple example will indicate. 

We consider the equation A’u=0 in a three-dimensional space. We have 
n=3, m=2, n—2m+1=0. In the role of boundary manifolds we neces- 
sarily have S:, and we may have S, and Sp. Since m—[n/2]—1=0, all 
the functions u will be continuous. On the manifold S,, we must pre- 
scribe u|s, continuous and du/dx;|5,E€L2. On S; and So, we prescribe the 


function U(x1,X9,X4). 
Let 2 be the sphere of unit radius with its center omitted: 
O0<xi tata <i. 
In our example S; is missing. We consider the solution satisfying the con- 
ditions 
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4u(0,0,0)=1 (givenon S,), 


Ou 


= 0s =0Q (givenon S,). 
r=1 or 


r=1 








The data given on S, is obviously equivalent to the following: 








u| =<| ea) SOON, ote 
S, 0X,|S,  OX,|s,  OX3\s, 


The function u=(1—r)’ is a solution of the problem. Indeed, it satisfies 
the equation with the boundary conditions. At the point r=0, the deriva- 
tives do not exist. The second derivatives are summable in the square on 
Q, i.e., uc WS. As we shall show later, there are no other solutions in W;). 
If we omit So, then the only solution is u=0. 

3. SOLUTION OF THE VARIATIONAL PROBLEM. We proceed to the study of 
the basic boundary value problem for the polyharmonic equation from a 
general point of view. 


THEOREM 1. If the system |¢%.°).,{| is permissible, then there exists an 
unique function u(x,---,x,) © W3” satisfying the conditions (14.6) and 
giving a minimum to the integral D among all such functions. 


We denote by Wy”{o".".,} the set of functions vc W.” satisfying 


a) 7 
(14.6). Since the system ¢.""°, is permissible, the set Ws” Poy ant IS 
nonempty. For each function v from this set we have 0< D(v) < ~. There 
must therefore exist a greatest lower bound for the values D(v), which 


we denote by d: 
ine —s 
= inf D(v), ve We” [2,1"7 2 J. 


From the set Wy"{¢""°, | wemay choose a minimizing sequence |u| 
such that 
lim D(v,) =d. (14.7) 


k+> oo 


We shall show that {u,} converges in W3”. 
In order that one may define any natural norm on the space W3”, as 
we have seen, it suffices to give a system of linear functionals 


nm 
a 
By Far tev. Ono C28: <m—1), 
t=1 


bounded in one of these natural norms and such that for an arbitrary 
linear condition 
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one can find at least one monomial xj!---x3"” for which this combination 
does not vanish. 

Consider the surface S,_,;. By assumption of this surface consists of a 
finite number of smooth pieces. Put 


pists gout Bat 
, epsead Pay 
PBL, Bie wees By uaa f ~ axk.. ax! Ox8n ASi54; (14.8) 
Sn —1 


where v is an arbitrary element of Ws”. 


It is not difficult to see that all the functionals p, ., are linear on 


paar . 

W;”’, if the norm is defined on the latter by means of the spherical projec- 

tion operator. This follows immediately from the Imbedding Theorem. 
Now let P= DA gyn dg Pay ceoaty be an arbitrary linear combination of the 


functionals p,,...s,. Let A ,o 400) be one of its non-null coefficients for 
eee 


which the sum 6,’+,2)+...+8=o has its least value among. all 
the sums 


Bit Poet---+3,=3 
Then 
(0) (0) (0) 
? By 3 
ie Allee acer as, Sem 24 
In fact, all the p,,...;, containing derivatives of higher order, as well as 


those having the same sum o but for which for at least one coefficient 
Be> Be", will vanish on this monomial and we obtain 


ae oo xin) 
ee at f ago, vo OS + BOB 31 4g, 
Sp—1 


as was to be shown. 
Thus, we may define a norm on W$” by the formula 


LOR my = (= (p, v)°-+ D (v)}, (14.9) 


where p, runs through the values pz,,...,,. Then for all functions vy, and y, 
of the minimizing sequence, we obtain 


(0,1 Ux) = (Pas 2%) 
and thereby 
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| VK _ VU Item) = D (UV, _ v,). 


We choose k& and/ so large that D(uy,) <d+e, D(v) <d+e, as is possible 
according to (14.7). 
Obviously 


ay 


Un +1 
D(*#y") >a. 
From the preceding equality 
— 1 1 ' 
D (FH) = 7D (m) + 7 D(H) —D (5) 


oe EL EW" lo eee 


and therefore 


we find 


Dr) Sa eae Se 


1.€., 
D (UV, — U)) < 42, 
from which by the arbitrariness of « it follows that 


ex — ll prm 20, &,f— 00. (14.10) 


(m) 


Since the space W,” is complete, we conclude that there exists a limit 
function u€ W;” for which || u — u,|| wim —0. Just as in the Dirichlet prob- 


lem, we show that 
(1) we Wy” (ore); (14.11) 
(2) D(u) =d. (14.12) 


There do not exist two different functions satisfying (14.11) and (14.12). 
Indeed if u, and u, were two such functions, then the sequence W, U2, UW, 
Uy, U,,--- would be minimizing and therefore would converge, which would 
only be possible if u,;= uy. 

The theorem is proved. 

4. SOLUTION OF THE BASIC BOUNDARY VALUE PROBLEM. 


THEOREM 2. The function u giving a minimum for D(v) in WY} gon", | 
has continuous derivatives of all orders in the intertor of 2 and satisfies equa- 


tion (14.1). 


Proor. Let &€ W,”(0). Then 
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m) f (n—s) = 
utrtée wf (on eels i = const. 
and hence 


D (u-+ kt) = D(u) + 24D (uw, §) + 49D (8) >a 


for all } and has a minimum equal to d for \=0. From this it follows that 


d(D(u+ €))/dd|,-y=0, which gives 
D(u,t) =0. (14.13) 


We consider the elementary solution of the polyharmonic equation: 


(”) | p2m—n, if 2m—n_ isodd or negative 
i 


r?m-n Inv, if 2n—n > and is even. 


It is easy to verify that A” ‘'g(r)=A/r"~*, where A =const. +0, and as 
a result, A”g(r) =0. 
Let 6>0 bea sufficiently small number. We consider the domain Q, and 


form the function 
c=2()| e(&)— eal} 


where 0<h, <A, <6 and y is the averaging function considered earlier 
(cf. the Dirichlet problem, §12, item 3). From the properties of this func- 
tion we conclude that £=0 for r<h,/2, r>h», and that all the derivatives 
of § are continuous. If the point from which r is calculated lies within Q,, 
then £ and all its derivatives vanish on the boundary of 2. Therefore 
(14.13) holds for £. Since — has continuous derivatives of all orders and is 
zero outside of 2;, by the definition of the generalized derivatives 
fokusti ea 
Ox, wax Oxo" 


we have: 





™u as 
\ a e z a d2 = 
4 In ‘ n 
OX, 502 OX Oy 45 40X,, 


ss 
e ¢ 


2 
=(—1"{... fu TNs 


Hence equation (14.13) gives 


gems = 
OOS ae aia ge 
n 


“a, =m 


or 
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f ae f wamta2 = 0. (14,14) 


amt= am{e(r) ¥(¢)]—4" [e+ (Z)| 


and since ¥(r/h;)=1 for rS$hj/2 and A’g(r) = 


But 


an| g(r) 4 (=)|=0 ar<iG=l, 2). 
Hence, equation (14.14) may be put in the form 


f-.-fuer [ae ‘ (7) @a—=J..- fuam[e g(ny(Z i) jae (14.15) 


where both sides of the equation have a sense. 


Consider the function 


0 (4) = oa [2 4 (Hf 


where o, is the surface area of the unit sphere in n-dimensional space and 
A is the constant from the equation A” ‘g(r)=A/r" 7. It is obvious that 
w(r/h) has continuous derivatives of all order and is equal to zero for 
r<h/2 or r2h, and that the same properties hold for 


feo (@h 
Furthermore 


fi foo h) 2 =——— f far[ew +()]@2= 
=o J ee fafam le (ry) ¥(5))\ae= 
as ceric le Ja ent le (0 4G) as— 


aaa J Sale Ig(r) ¥ (%)|\as= 


sls 


An—lg,, 


(Dyed — 2 ac =| \am- 1 lé (r) ») ()]},_, 


Ce) fea 
~~ (#—2)6,A rat [ew "(G I. 


ve 
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Since y¥(r/h) and all its derivatives vanish for r=h, the first term must be 
zero. The second term differs from zero since 


hac? eG) gneeey 


As a result, we obtain 


p\na=1 
ee .[o(r, Adal = _ ia geen te (NY (=) 


aye 
ee 1)) |e 





T= 











Thus 


f fol h) dQ =1, 


which shows that w(r,A) is a regular averaging kernel (cf. Chapter I, §2, 
item 4). We multiply (14.15) by 1/(n—2)Ao,, rewriting it in the form 


ee h,)dQ—= [... f ua(r, hy)aQ. 
Q 2 


This equation shows that the averaged function for u does not change on 
Q, for a change in the averaging radius h(h<6) and therefore on Q, u is 
equal to its averaged functions. Since the averaged functions have con- 
tinuous derivatives of all orders, the same must be true for u. In view of 
the arbitrariness of 6, we conclude that u has continuous derivatives of 
all orders at all interior points of 2. 

Let & have continuous derivatives up to mth order within 2 and vanish 
outside of some closed domain entirely contained within 2. For such a 
function &, (14.13) must hold since obviously 


EC WA {0}. 
Integrating by parts in (14.13), we find 
fi... featedo = 
F) 


from which, in view of the arbitrariness of &, there follows 
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A™y = 0. 


We have shown that u isa solution of equation (14.1) with the conditions 
(14.6). We shall call the problem just considered the basic boundary value 
problem for the polyharmonic equation. 


§15. Uniqueness of the solution of the basic boundary value problem for 
the polyharmonic equation. = 
1. FORMULATION OF THE PROBLEM. 


THEOREM 3. The solution of the basic boundary value problem is unique. 


If we assume that there exists within W3” still another solution w of 
equation (14.1) with the conditions (14.6), then we must have D(w) >d, 
since in the contrary case we may construct a minimizing sequence by 
interspersing with repetitions of w a sequence converging to u. From the 
convergence of this sequence, we would then arrive at the equality: u=w. 
We shall show that for every solution wG W3” of the equation (14.1) and 
the conditions (14.6), it is impossible to have 


D(w)> d. (15.1) 


Let ¢@ W3”"(0) and suppose that ¢ within Q has continuous derivatives up 
to mth order. 
If we can show that 
D(w, §)=0, (15.2) 
then, repeating word for word the corresponding argument for the proof 
of uniqueness in the Dirichlet problem, we would arrive at the result that 


D (4) > d, 
contradicting (14.12). Therefore for the proof of the impossibility of (15.1) 


and to establish uniqueness in the basic boundary value problem, it suf- 
fices to prove (15.2). 


2. LEMMA. /t is convenient to proceed as we did in the proof of uniqueness 

in the Dirichlet problem: we introduce in { the function 
v 1 within Q.,, 
2 -|{ 0 outsideof 2bo,, 

where h>0 1s a small number. 

We form the average for WY», with respect to the kernel (xh")~'y(r/A). 
This averaged function we denote by x. It is obvious that x, has deriva- 
tives of arbitrary order, x,=1 in Qj, and vanishes outside of 2,, and every- 
where | x,| $1. In addition, it is not difficult to show that 
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A 
nk 


k. 
Oth 
a a 
Ox 1... Ox” 
1 n 


(15.3) 








The function tx, has continuous derivatives up to mth order in 2, van- 
ishes outside of ,, and coincides with & on 23,. We shall prove the follow- 
ing basic lemma. 


For every v€ W$”), we can choose a sequence {h,} (h,—0) such that 
D(w, §) = lim D(a, €/,,). (15.4) 
ro 


We have: 
Dv t— y= f ... fSatex 


m sas fet 
SK ame am (5 — typ) 
ax’ ay! = 
Ky cee OX," OX, .2. Ox," 
= f f > m! a™u o™ (z = cy,,) 42 
2 a! an! Ox ax.” ax ax, —~ 
f£—2,, Tt ee Sab: poe n X, ++. OX, 
— f f . m! a™y ame ‘é 
; : ees ad mit ~~ ne a a, 3 1 3 8 aQ — 
f— 2a), ; Be 1 eee x, xy cia xy 
m! o™y k 
f tae [D> erenernt af Ga) ym Goa 
e— 9, Re see OR 
as O* Ln 
= : do 
a1 ' ais Ce ae 
OX," S83 Ox,” Ox, sox, en 


For h—0 the first integral tends to zero since v and §C Ws”, while 2— 
Q,,—0. For the proof of (15.4) it suffices to show that the second integral 
tends to zero. 

For this purpose it suffices to prove that 


aa gre 
Jy (h) = | J Sa a Hanna Re 
aE a OME bg 
3 Th 
axt 6. axkn 


(Rad, 2s tui) 


ail s6 (h— 0) 


(for k=0 it is obvious that Jo(h)—0 since v, EC WS” and|x,| <1). By 
means of (15.3), we have 
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Je(h) < we Ship : ee eee 


Py 
n y 
. Ox, Ox; see Ox, 7 


ety (ee 
Cares en F 
“VT Sip e Seer a z-| 42. (15.5) 


Set h’=1/3" (u=1,2,-++). 


Then 
Q 
~) 
Q= a (2, —2,°) ig 2, 
p= my 
and since vG Ws”, the series 
ou 2 
N ‘ f r ; oO 
i . 0x," ex,” ae 
p=l oer 
4 2 


converges. Hence we may find a infinite subsequence of the terms of this 
series less than the corresponding terms of the divergent series. 


co 

‘ae 
ad pinu’ 
p=2 


In other words, for the infinite sequence |,! just obtained, and setting 
hi =h,: 


o”v 2 2 In3 
[ff ay @ do < aine ~~ tink, nin Sinner 
“yp —23ap OX, 3 ox,” . : 
r r 


K 
= Gor iminbel: (15.6) 
If we can show that 
m-k 
oo cern a =| 42< BR inal, (15.7) 


cs . ee 
then, obviously, we will have from (15.5) and (15.6) 


Ih Sy V Se 
(A) < ne [in ”,|-in|In A, | Bh, ||In&, Vinjina,t 
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and it will have been shown that J,(h,)—0 for r—~, from which (15.4) 
follows. 

Thus for the proof of (15.4) and the basic lemma, it suffices to prove 
(15.7). 

3. THE STRUCTURE OF THE DOMAINS Q, — 925,. We shall concern ourselves 
with a more detailed study of the structure of the domain 2, —Q3,. We de- 
compose the whole boundary of the domain 2 into a finite number of 
smooth pieces of various dimensions: S;_,; to the collection of these pieces 
we adjoin all boundaries between two smooth pieces of the same dimen- 
sion and all singular manifolds of the type of conical points or conical 
lines. The boundary between two pieces of dimension ! will be, generally 
speaking, of dirnension /!— 1. For example, if the domain 2 is a cube, then 
the manifolds S} will be all the faces of the cube, Si all its edges, and 
the manifolds of Sj all its vertices. If the domain is a right circular cone, 
then we have to consider two manifolds S3, the lateral surface and the 
base surface, S; will be the base curve, and Sj will be the vertex of the 
cone. 

We construct for each of these manifolds the domain (2{—4,)* con- 
sisting of all points of the domain 2 whose distance from the manifold 
S; , is less than 3h and not more than h. The domain 9),— (23, is covered 
by the sum of the domains (2;—9%)”. 

We extract from each of the domains ({)7_, a portion (02/)**, which, 
by the aid of a coordinate transformation with continuous bounded deriv- 
atives, may be transformed into a cylinder of radius h, the axis of which is 
a hyperplane of dimension n—s and has as its image S;.,, and we do this 
in such a way that the domains (Q,—,),", completely cover the whole 
domain Q,—Q. An intuitive figure (Figure 6) shows how this decomposi- 
tion is to be carried out if the domain Q is a nonconvex hexagon. 

In Figure 6 the domain 
(Q,— 04," , is shaded. 

To prove the correctness of 
(15.7), it suffices to show its va- 
lidity for each of the domains 
(Qh — Unnns 

To obtain the corresponding 
estimate, we may assume from 

Figure 6 the beginning that all the mani- 
folds S,*, are points or hyper- 
planes of the corresponding di- 
mension. Obviously, we may 
always reduce the problem to this by a change of coordinates. 
We will assume from the beginning that the manifold S, , is a domain 










[AZ 
EZ 


SY 
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in the hyperplane x;=x,=---=x,=0. By virtue of the assumptions on 
the simplicity of the boundary S, the general case may be reduced to this. 
In the space (X1,%2,---,X—, Xes10°* ya), WE introduce cylindrica] coordinates 
with ‘‘axis’’ S,_,, i.e., put 


X= 9C0S9,; 
Xy =p Sin 2; COS %; 


Xy =p sin 9, sing, COS 44; 


C> 


n-s 
X,-1 =psin y, sSingg ... SiN%, gCOS%,_1 
X,= Sin 4, Sin, ... SINS, 9SiN %,_, 
Xp) = Xn 
Mi en Figure 7 
Then the manifold x;=x.=---=x,=0 goes over into the manifold p=0 
1 


(Figure 7). 

The proof for the domains based on S,_, for the cases s even and odd 
differs slightly. We shall carry through the proof in a unified form, in- 
dicating the differences where they are unavoidable. 

Let s=2t or s=2t4-1. Then it will be necessary for us to consider sep- 
arately: Case ] when k=1,2,---,t, ie., to estimate the integral (15.7) for 
derivatives, the values of which are not defined on S, , (ef. §14, item 1), 
Case II when K=t-+1, and finally Case III: k=t+2,---,m, i.e., the case 
when the integrated derivatives are defined on S,_,. 

4. PROOF OF THE LEMMA For k~|s/2]. We consider first Case J: k= 
12 owls Set 


| i 
é—1,2, ..., s—] 
fo Bos Weck Ren 


uma * (p “74. X4) 
Ox;"! 22. Ox n 
nm 


Let po > 0 be some number. We let 0p pp. Since & has continuous deriv- 
atives up to mth order, Z will have continuous derivatives up to order k 
everywhere except on the manifold » 0. 

Hence, applying Taylor’s formula, we find 
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poz. 
Z (bs tin X= Z (Por On 4) A FE] bees 
(p — pJ¥-1 ak-1Z (p—pr*-! akZ (15.8) 
= (kK—~1)! Opk- eos + [eee Ri sre, 
Set 
J 
IZ (ore pillg: 4 f vex (IZ P ate aaah 
os =const. 
©, = onset, 
Then equation (15.8) gives 
IZ (0, 2 2 IR, SOUIZ (Po ee. IIE, 
(p — Po) OZ Ij (p= Lgeebat | loaner 4 
- (i!)? | py Lg, n- Pe a (k—1)!? ll py — Lo, aos 
ay es yk-1AkZ 
+f... lJ a oe AX iy. cit dx, \. (15.9) 
f= coast. 


Multiplying (15.9) by p*-'dw,. and integrating over the unit sphere w,, 
and denoting by S, the (n—1)-dimensional manifold p=const.+~0, we 


obtain 
ie fizpas,<c ae ae ci soe f[Z12AS,, + 
S, Pi 
+ fr J. Se : 
+P (. «SU Rea P45) + 


-+- Ne ee SL (ae hE oF dp, |” 8 ae ee 3 


Op} A 
P= const 


Lechner (15.10) 


Since &€ W3”, by the basic Imbedding Theorem all the derivatives of ¢ 


up to order m—1 belong to L,,-; and all of them figuring in the right 
hand side of (15.10) may be estimated by 


Allé| “yn 
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Consider the last term on the right side of (15.10). Noting that p <p. 
we obtain 


f Se Pos) doles nee {fem or dp, )"axy_, ONY S 
Py 


w p=consl. p 
6 Gs; = const. 
ae ck-2 
aes eae aie oa X 
, (A — 1 
9 = const.p 
co, = Const. 





Py 
akZ |2 
fi det | ot * doy ak. 4 cen (A 


={er—t [ Lie f dig, fe <Ff mie de, dX, oe dx, ASS 
%5, 


p = const. 9 
t= = const, 





5 OnE gp aia at #2 yo x 
: | 


(A — 1)? ps! vt 2: 
[ J Py pe Sater Py 
(p= aes esepeia : (2 — py)*k-2 : 
| aS Te mye pret Pt SCOTS gpm J wai 4 8.1) 


, . . Mk oP os > . ‘ : 
We estimate / =e) p, ‘dp,. For this purpose, set: p,= px. po= py. 


uv 
]—y)tk-2 
-—,2%k-s-} ( e 
ge—liys-l ax p . ye-l 


ay. 


a—l 
ra 1 1 1 


bo °h-2 u "h? l \ORA2 
Al dees: Viale yee eS 


If 2k -—2-s4-1<—1, then the integral converges as v--& (i.e.. as p—0). 


If 2k-—2—s4+ 1=-—1, the integral grows like Inv. i.e.. like |Inp|. Hence. 
if 2k<s, we have from (15.10) and (15.11) 
i ene o®~ THEI] wim [Ci + Cy 9% ~s| Ing |]. 


Integrating in p from -\A to Bh, we obtain: 


oye | |2Pao <li wet LA As 4 KA In|) SR gAP In 
2 An— FR 


Thus (15.7) is proved for &=1,2.--+-.t (s = 2¢ or s=2t4 1). 
5. PROOF OF THE LEMMA FOR k=!|s 2]+ 1. We pass to the proof of (15.7) 
for Case I]: k=t+ 1. In this case we already know that the expression 
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within the integral sign tends to zero on the boundary. However, the 
estanates which we obtained above tn §L1 turn out to be insufficient and 
we jive some slightly strengthened forms. 

Consider some plane x,,1-- coust.,-+-,%, = const. and denote the distances 
from the points x,--x2= ++ =4x4,=0 and (Ax),Ax,-++,Ax,) (YoAx? = |AP|’) 
of this plane to an arbitrary point of the same plane by r and r;. 

Sot (0 MEL GxT  OxI") = b(t, Xe Legit Xn). Derivatives of order 
(| 1 with respect to x,,--+,4, of @ are derivatives of mth order of t. Hence, 
applying the formula for estimating 


OU OM ssc ep Ae May gh eet) eo Oy. wane. Oy ya a ay) 


= 9 (AP, x;)—9(0, x,), 
we find that as in the proof of (11.14) 








DD Pf name afa2 
eR y—vespicistila fF 
V 
v7 N gu . Ve fice o 
Ome ax! cae Oven 12, oe B J. ih lek dQ | <— | AP | mm 





ome 


vias 
x [4 } J ‘ J | aed axe we. OX'N 
a % 
SO Nase ae i, ie d2,+-BY f... fiepa,]. 
v ‘5 
7 e 


We consider the cases s= 2t. Then using the representation which we en- 
countered cartier in Chapter 1,§11, we obtain 


(re ry)?s-2t~4 (r 4-r,)#-4 “ 
f Nas f “pt Pray) rytte-f-0) dQ, ua es J renner Os 


os 











AEs 
( yorn4 eae 
fo: aye 4 : p 
eae) J ieee | i ntinae 42,5 CEG f “P — 
2 
P< ar] 


= C,-|-C,|In [AP |]. 
Thus we find from (15.11) 


Je (AP, xy) = 2, %) 1? <P | 2K, + Ko [In| OP |] 1X 
=) gm: 3 ‘ 
eel Dil aees ee aQ,+Ky f ... flerae,}. 
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Integrating over the plane S, , (x; =2x.= --- =x,=0), we see that 
{oss niece xj)—9 (0, 4) PdQy_g < [AP [PY [Ky -+ Ky|In AP |X 
so OS 
Se N dQ2+-K,[ ... []<|7ae2 
ie EES j Ox, n sf @ ji : | }< 








<I rr | a ne 7 In| AP{|] IIe I aytmy a K NEI yom} < 
[AP [2] In| AP |]. pk) 





This estimate is precisely that which would follow immediately from for- 
mula (11.15) provided that we obtained in it 


|AP|?"‘ instead of |In]aP|||APP. 
In deducing (15.12), we used the fact that 


ic | preceeerecr — [a2 <I, i 


Using the ea thatg(0, x,) = (in i sense a ie n a), We give (15.12) the 





form 
one t- Ig 2 
je eee AX as a AXn<S 
we, mo3z, ‘ . Ox, 
£, =42, 
< AGI yom [SPP Lin} SP I]. (15.13) 
2 


Introducing cylindrical coordinates with axis S,_,, replacing |4P | by p in 
(15.13), multiplying by p” 'dur,, and integrating over the unit sphere, we 


obtain: 
f- ames: las t- re 
big 


n 
3s Ox, 





aS; = Koll ome*t! | In p]. (15.14) 
3 


Integrating in p from Ah to Bh, we find: 


om t 1s 2 
fin f[ SS | a0 < ner] in (15.15) 
“Ah—* Bh : eae 


Analogous arguments for the case s=2t+-1 give the estimate (15.14) 
with a right hand side of order p”'' and (15.15) with a right hand side of 
order h™'?. Thus (15.7) is proved for k= t+ 1. 

6. PROOF OF THE LEMMA FOR |s/2]4+2<k<m. We pass to the proof of 
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(15.7) for Case III: k= t+ 2, t+3,---,m. Set 


m—-kr 
(0, 4, Xj) = aS ae ee 
Ox,'Ox,” ... Ox,” 
Z(p, ¢,, X,) has continuous derivatives up to kth order, k>t+ 1, with re- 
spect to all arguments everywhere except on the manifold p=0. Applying 
Taylor’s formula, we find 


— VA 
A (p, Pe, Xj) =Z (Po 24, X x) + 2 a ee cc re il 





(p— pov *=? ae p— pi) SUSt Qhetly, 
ay 7 ap 15.16 
a aes (kR—t—2)1 \ dpk-t-2 tear (k—t—2)I a =) (y (15.16) 


From formula (15.16), we obtain: 


, a, lpP—?pol . 
|| Z (e, Yin Xs) {lz ace N x 


“MG peal Guat) 


” (p—pyh-t? t- 2 gk-t- ly 2 Ve 
sale 4) L yaeae gee gph ata AX ja. wad dx, f 


By virtue of the boundary conditions for & (¢ and all its derivatives up to 
(m—t—1)st order are null in the sense of L,,_, on the manifold p=0), in 
taking the limit po—0, we obtain 


|Z (p, 94, x5) 





<M (00, Ps ©5) Ilr 


2n-e 


le —pol*-*-? 
oa ae (@— tl 

















P= Fo by 








hy, nu—s < 


n—s8 


—> p 
(p — p,)k-#-? gk-t-12 2 
2 al | “tan aphaiat Ms Axa) +++ AXA < 





n-s 

n—s 

e—— p ; r ? 
<af [ a EL ie, ba d eee 
a a aa fal ee cs Pi fF 4Xq44---4Xy | (P—P,) do,.= 

n-8 9 a 2 

p m—fR 
— A p2k--8 [ (inane 4 cae d d 15.17 
10 ; aed AE I ag oe OR | Else (15.17) 
Qe \ 





n-s 


We consider the case s= 2t. Multiplying (15.17) by p™ 'dw,, and integrat- 
ing over the unit sphere, we obtain 
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n—l1 


| ee | |Z(p, Cy xj) PP dS, < 


5, 


2 
dS), do,, 





a ae 
imi t 
= 2 24—1 a a 
os ade Jo x Or, weno 
from which, taking (15.14) into consideration, we find: 
n—1 5 
ie : » op yg (PUT inal 
soe J [LZ (Ps Pps Xj) PAS, < Ag ll ll gy cm ph aT dp, = 
Ss = 0 1 


p 
e 


= AglEl® ome" | oil inp, |e, <A 
Z 0 
Integrating in p from AA to Bh, we find: 


fad. JIZP ae < Agh? {In A]. 
2an—2Bn 
In the case s=2t+1, the right hand side is obtained of order A”. Thus 
(15.17) is proven for all k= 1,2,---,m. 
From this the basic lemma immediately follows.” 
From the lemma an obvious method yields equation (15.2). Indeed for 
an arbitrary function w, satisfying the equation A"w=0 and Ex,, we will 
have as before: 


*— lin of. 


D(w, ty,)=0. (15.2) 


Passing to the limit, we establish (15.2) and with it the uniqueness 
theorem. 

7, REMARKS ON THE FORMULATION OF THE BOUNDARY CONDITIONS. We 
shall formulate still another problem. We shall call a function & a function 
from W3”(0) if it is the limit in Ws” of functions vanishing on strips 
around the boundary. By Wj”(*) we denote the family of functions 
which are weak limits of functions vanishing on boundary strips.” If 


*) Here, as in the proof of the lemma of equation 12.4, we may dispense with the assumption 
of the continuous differentiability of up to order m. For this purpose one only needs to intro- 
duce a limit process on averaging functions in formulas (15.9), (15.12) and (15.17). ‘The 
remainder of the proof proceeds without change. 


Here, weak limits are taken in the following sense: a function &© Wis the weak limit 
of the sequence | £m}, RE Ws”, if for every ve wy”, there holds D(v,£) = lim D(v,g,). 
ke vie 
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(m) 


we are given some function y belonging to W3”,, then we shall say that 
u coincides on the boundary with y together with its derivatives in the 
sense of W3”(0) or WS" (*) if the difference u—y lies in the corresponding 
family. From a theorem in the first chapter, it follows that correspondence 
on the boundary with a function y in the sense of W§”(0) implies a fortiori 
that u belongs to Wi" (y"”,,), where Wee are the limiting values of 
the corresponding derivatives of the function y, which as we showed above 
always exist. 

The lemma proved above for the uniqueness theorem now gives a 
partial converse to this last assertion. If the function uG Wy" (yi7?,), 
then uw coincides with the function y on the boundary together with its 
derivatives in the sense of W%"(*). Obviously then W$”(0)C Wi"(*). 
We are not interested here in the question as to whether these two sets 
coincide or not. 

In fact, from (u—y)€ Wy"(0) follows wE wiry), and from the 
latter follows u—ye Wy"(*). 

In a series of publications on variational methods, there has been con- 
sidered the problem of finding functions giving an extremum to the func- 
tional D(u) (for the case m=1) and coinciding on the boundary with a 
given function y in the sense of WJ”(0). Such problems obviously have an 
unique solution, as one can easily see iminediately. However, without our 
results it was not clear what are the real boundary conditions for a solu- 
tion, or when u—yE W3” (0). 


§16. The eigenvalue problem. 

1. INTRODUCTION. Let 2 be a domain of n-dimensional space bounded 
by a sufliciently smooth surface S. 

The problem of the eignevalues of the equation 


Au-+dAu=0 (16.1) 


for the conditions on the boundary S 


dul hu , =( (#— exterior normal ) (16.2) 
Ss 5 





consists of the determination of all values \ for which the equation (16.1) 
with the conditions (16.2) has a non-null solution. On the function A de- 
fined on the surface, we shall impose the following restrictions: there exist 
suitable continuously differentiable functions a; bounded with hounded 
derivatives on the closed domain 2-+S ((a,| <M; |@a;/dx| <M), such that 
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IA} NM als cos xy. (16.3) 


If S is asuitably smooth surface, one may construct a smooth function C,, 
reducing to cos nx, on the surface. Then it suffices to take a,= Mc,, where 


M = max|{h|. 
so 


The variational method makes possible the solution of this problem, 
finding all its eigenfunctions and showing the orthonormality and closed- 
ness in L, of the system of such functions. We recall that an orthonormal 
system of functions is called closed if one can approximate with linear 
combinations of these functions with arbitrary precision to any function 
in Ly. 

2. AUXILIARY INEQUALITIES. We turn to the solution of this problem. 
Consider the functionals on W3!: 


oO a (3 =) d oe .f hotds; 
J(o=f-. > y (ze) a 


H(v) = f[ as [of dQ= |jol3.. 


Lemma. The following inequalities hold 
J/(v) < L, D(v) + L.A (9); (16.4) 
D (v) < K,H (v) + KAJ (0). (16.5) 


We shall prove (16.5). We have, using (16.3): 
| f em | hv? dS es, oo: reese 
Ss 


=e Pye gon fie Sodas dQ+ 
Uv 


vf fase ae emf. fateh 
g 


4- MnH es, 








dQ + 
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Using the fact that 


ot 
K 


dv [2 


2| v| ae: 





= < Kv? 4+. 


’ 











where K >0 is an arbitrary number, we obtain: 
| fi o.. f Aotds |< Mn (w) ++ KM nto) + iv) = 
os 


M 
=Mn(1+K) H(v) +4 sy. 
From the definition of D(v) and J(v) we have: 


D(w < I~) +1 f - .f nvedS |< Ma(1 + K)H(v) + 
S 


EE (1 +) J(v) = K,H(v) + K,J (0); 
K,= Ma(l + k); 
M 


g=lt+e, 


and the inequality (16.5) is established. 
On the other hand, from the definitions of D(v) and J(v) follows 


J(v)= D(v) +f... f ards <D(v) + Mn (1K) Hv) + FID), 
8 
from which 
J)(1 —#) < D(w)-- Ma UL FR) K (0). 
If we chose K > 2M, we obtain (1— (M/K))>1/2, and: 
J(v) < 2D(v) 4 2Mn (1+ K)H (2) =L,D (v) + L,H (2), 


and inequality (16.4) is proved and the lemma as well. 
From (16.4) it follows that 


L L 
D(v) > i J(v) — PH Q)> — FH), 


and hence if H(v) =1, that D(v) = — (L2/L)). 
It follows from the latter that there exists 


inf D (v) = Ay 
H(v) ae 
Hence there exists a minimizing sequence: 


{Un}, U, € We’, A(v,) =1, lim D (v%,) =i,- 
k > oo 
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3. MINIMAL SEQUENCES AND THE EQUATION OF VARIATIONS. 


THEOREM 1. There exists a function u,© WS” such that 
H(u,)=1, D(u,)=),. 
The function u, has continuous derivatives of all orders in Q and satisftes 
the equation 
Au, +-4,u, = 0. 
Proor. Let }u,} be a minimizing sequence. We shall show that ||, || ws 


is bounded. Indeed, if we put 
(p, v) =f... f vd, [(, 1) #0), 
2 


if we take into account H(v,)=1, we will have the boundedness of D(v,) 
from (16.4): 


ie 


Im, = {(P: Ux)? J (M)}?< 


to| 


1 
2 


<_{QH (v4) + L,D (0) + Lol (u%))* < ((Q4- Le) = LA)”, 


whcre A=sup| D(u,)|. Thus the boundedness of [|u| .,, is established. 
k W2 


From the complete continuity of the imbedding operator it follows that 
lu, } is strongly compact in L, on 2. From |u,} we may choose a subse- 
quence converging in Ly. This subsequence will itself be a minimizing 
sequence. Hence there exists a minimizing sequence converging in L». We 
may assume from the beginning that our original sequence has this prop- 
erty. Furthermore, || v,—v,|| = H(y,—u,) <e as soon as k,l>N(e). From the 
obvious equality, 


] l — 
H (EY) — FH (uy) +H @) — H(A) 
we obtain, using H(u,) = H(vy) =1, H(vu,—u) /2</4 that 
Up UV?) é 
The functionals D(v) and H(v) are homogeneous quadratic functionals 


and therefore their ratio D(v)/H(v) does not change under the passage 
from v to cv (c=const. ~0, H(v) #0), and hence 
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int 2{) _ inf D(v) =A,. 
a) F(%) (yt 
o€ Wi veg 


Therefore D(v) =d,H(v) for all vc WS”, and in particular 


p(@ett)> (1-4). 


Then, taking k and / sufficiently large, D(u,) <A, +e, D(y,) <A: +¢, we ob- 
tain 





D (SF) = 5 D(H) + 5 Om) — D(A) < AE + 
ppt a pt a1 48) 


i.e., D(u,—u)—0 for k,l— ~. 
From the inequality (16.4), there follows 


0<J(U;,— 0,) < L,D (¥,— ¥;) + LoH (vy, — %), 





165, 
J(U,—v,)) +0 k, l+oo. 
But 
| o%,— % is = (p, Uy, — v1) J (U, — 1) < 
< QH (uv, —,) +d (u,— v,) > 0, 
i.€., 


|e, — % Lyn > 0. 


Hence |v,} converges in W$? and as a result of the completeness of W’ 
there exists a limit function u,@ W2? such that 


[41% yw > 0; k —> CO. 


In addition, 
| Dv) — D(a) [=l4 (ty) —J (as) + f er f a(ui — vn) dS |< 
Ss 


<IVI (On) — VI (41) | VI x) + VI Gy) 


+ pe J Gi —a)as ae J? (a +o%ds > 0 


for kR— «, since 
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IVI@— VJ (4) = Poul —Dertynl <e% — aalpa < 


<n — ay le > 95 
1 
[ f wes f (u,—a)eas]? =|4,— Ml) < N14, — bpm © 
§ 


while the terms (J(v,))'+ (J(u)! and a 
VI(%) + VI(u) and f... f 02 (u,+%)?as 
Ss 


are bounded. Therefore D(v,)—D(u,) and, hence, 

D(a j= hy. (16.6) 
Analogously one sees that 

H(u,)=1. (16.7) 


Suppose now that ¢ is some function from W3’. Consider the ratio 


D(u,+vS)__ D (uy) + 24D (uy, 6) + p?D (5) 


H(uy+ pS) A (uy) + 2A (uy, 8) + BAD) ? 








where 
Dw )=f...f VS aol... [ autas; 
- g 
f(a, Ey | wee EdQ, 
(a, §) i fea 


It yields a continuously differentiable function of » on some interval 
around the point »=0. This ratio has a minimum at »=0 equal to A, and 
by the basic theorem of Fermat, we have 


[ (uy + | __ 2D (3,8) H(t) 2H (1 y,€) D (uy) _ 9 
H (uy + #3) Jao (47 (u4))? ; 
which by virtue of (16.6) and (16.7) gives 
D(u,, §)—A,H(u,, 6) =0. (16.8) 


Equation (16.8) holds for any ¢€ W3”. 
4, EXISTENCE OF THE FIRST EIGENFUNCTION. We shall show that u, has 
continuous derivatives of all orders and satisfies the equation 
Au, -~ Aa, = 0. (16.9) 


Indeed, let 5 be the distance between some point PEQ and the boundary 
S. Set 
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= (E46) TF an =[26G) HG] xO. 


where h, and ho<6, Y(_2/2 is the Bessel function of second kind of order 
(n—2)/2, and y(r/h;) is the averaging function introduced earlier. X(r) 
is a solution of the equation 





AX+2,X =0, 


and for r=0 has a singularity of order r-"*”, and X’ of order r~"*?. Since 
¥(r/h,) =V(r/h2) on the sphere r<3min(hj,h2), we have &=0 on this 
sphere. Hence ¢ has no singularity for r=0 and has continuous deriva- 
tives of all orders. Therefore, «© W$’. In addition, =0 outside the sphere 
r=max (h,,ho) and since max (h;,h2)<5, we have £=0 on S. Therefore 
(16.8) for & takes the form 


i ales on fe as hut) a = 0. 


Ou; 
24 =— u 
fu a Oe, a J. fag 9 
(by the definition of the generalized derivative du,/dx;), it follows that 


f--- fa (AeA) a2 =0. (16.10) 
2 





Since 








We set 
1 


sa {4 [4 (4) x0] +44(F) 4 Ol =a 0, 


where c(h) is a constant to be defined later. It is obvious that w,(r) =0 

for r=h. In addition, w,(r)=0 for r<(h/2), sinceinthiscase y(r/h) =1, 

AX +),X =0. Hence, w,(r) has continuous derivatives of arbitrary order. 
Since 


AE A= (fy) wn, (7) ~€ (hg) wp, (7), 
equation (16.8) takes the form 
c(h) fo. f 401, (7) d2=c(hg) ff... f 412, (r) dQ. (16.11) 
2 g 


We put 


eh) = (a flay (F) xO] +44(4) x@ hae 
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Then 
f = fac d2Q=1}. 
It is not difficult to show that there exists a limit different from zero for 
lim ¢ (ht) = co 
250 

The function w,(r) may be eee as an averaging kernel. The equa- 
tion (16.11) then means that the averaged functions for u, on the domain 
Q, for various h<6 differ only by constants. We obtain 


wt c (Ay) 
| hy € (Mtg) 





By virtue of the fact that uw, is the limit of its averaged functions, it differs 
merely by a constant from any one of its averaged functions. But the 
latter are continuously differentiable arbitrarily often and hence the same 
is true for u, on the domain Q,. Since 6 is arbitrary, uw, is infinitely often 
differentiable at any interior point of 2. Suppose now that £ is continu- 
ously differentiable and vanishes on a boundary strip. Then from (16.8) 
we obtain by integrating by parts 


sce: ; d = 0, 
f f Quy Aie,) de 


from which by virtue of the arbitrariness of £, there follows 
Au, +A,u, =0, (16.12) 
and the theorem is proved. 
REMARKS. Consider a sequence of domains }’| lying in the interior of 
Q and converging to 2. Let the boundaries S’ of these domains be piece- 
wise continuously differentiable. The equation (16.8) for & takes the form 


f-f(2H Oi 205 —hue)ao— f.. as (16.13) 
2 


had OX, OX, 


But 
n 
Ou, Os 
aes f( 1 Ox; Ox Ox; — hue) d= 
+94 t= 
N Ou, 0 
= — —k d2= 
lim f -- -f(2 ox Ox, 1418) 


wa, [— fo franctrans fon fei] 
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= ‘Iim ie SL Sy dS’, 
Q' > 


Thus (16.13) takes the form 
ou , ss er 
Neal ie ads’ — f a fami dS = (0. (16.14) 


If in addition S’—.S in the sense that not only the points of S’ converge 
to the points of S but also the normals at these points converge to the 
corresponding normals of S, then 
if Sls f AuyidS = \im f wets f Au,idS', 
s . Q'—pQ . s . 
if we assume that A is the value on S of some functiou given on Q. 
Then condition (16.14) takes the form 


at ; = 
ses). om a —huy) &d,S = 0. (16.15) 


Thus, u, satisfies the condition (16.2) ‘in the mean” 

We turn now to the search for the other eigenfunctions. 

5. EXISTENCE OF THE LATER EIGENFUNCTIONS. Let us assume that we 
have already found (m1) functions «,@ WY and (m1) numbers A, 
(t= 1,2,---,m—1) such that 


D (u,,§) —;H (u;, £) = 0; (16.16) 
H(u)=1 H(u,, a, =0 (4) 
a Ce eee ees (16.17) 


where (16.16) holds for an arbitrary ¢&@ W$"”. Suppose that vC W3) satisfies 
the m —1 conditions 


H(v, 4) =0 (é=1, 2,..., a—1). (16.18) 


The family of such functions e© W3" we denote by WS" (uj.-++, Un 1). Ob- 
viously WS"(u).++ +m 1) isa linear space since every linear combindation of 
its clements belongs to the set. We shall show that this set is closed. tndeed, 
suppose that a sequence }v,} converges to vin W3!’, i.e... | a (0. By 
the Imbedding Theorem a 





| os Uk hs, <S Ci ve UK ln ’ 


and hence 
y—v,|, > 0. 
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Thus 


| (0 us) —H (vy ws)I=] f --+ f us (vey) a2] < 
Q 


< / Me eis J... fle—Pae= fool, +0, 


ie., FH (u,, u,) = limH (uy, u;), and if u4€ Wy (uy,-++, Um 4), then 
ve Wy (uy, ey dln a) 


Hence W3(u;,--+, Um 1) is closed. Since Wy'(u,,+-+, Um CO Ws, Dv) is 
bounded from below for v© W3)’(uy,°++,Um-;) and H(v)=1. The greatest 
lower bound of D(v) for this family we denote by An. 


inf D (v) = Ans 


UC WA Che a os by 4) (16.19) 
H(v)=1. 
THEOREM 2. There exists a function unG Wy) (uy,+++,Um—1), H(Um) =1, 
such that 
D (4m =) — AH (Ans &) = 9 (16.20) 





for arbitrary EE W}). In particular, for §= un, (16.20) takes the form: 
D (Um) = Am (16.21) 
In addition, on 2,u,, has continuous derivatives of arbitrary order and satis- 


fies the equation 


Aum +A,,4 = 0. (16.22) 
ProorF. From the definition of the greatest lower bound, it follows that 
we can find a minimizing sequence {v,! in W$!(u,,-+-,Um—1): 
VpE WE? (ty, ©. 0s) Key) A (0m) = 1, lim D (vy) = dp. 
Repeating literally the proof of Theorem 1, we show that ||u,|| wi is 


bounded and hence that }u,} is strongly compact in L,. We may assume 
that the same sequence {u,! converges in L,. Then for sufficiently large 
k andl; H(v,—v,) <e«, and as in Theorem 1, H(u,+0,) /2>1— (¢/4). 

For all v@ Wy''(u,,-++,Um ,). we have: 


D(v)> ee | (v), 


and since (v,-+u;) /2€ W3” (u,,-+-,Um 1) Simultaneously with y, and u;, 


D(C) > hat (EE) > 16 (14). 
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From this, as in Theorem 1, we find that: 


D (0;,— 0;) > 0 k, l> oa 

and further 
Uy— VU yO k,l : 
I| Ux 1|| wi) > —> CO 


i.e., {| converges in W3’. As a consequence of completeness, there exists 
a limit function u,,€ W3. Since u,€ WS) (uy,.++,Um—1) and W3)(u,,-++,Um—1) 
is closed, it follows that u,,© W$)(u,---,Um—1). In addition, as in Theorem 
1, we show that 

D (ty) =m 


A(u,)= 1. 


Let n© WS) (u;,---,Um—1). Consider the ratio 
D (um + #9) = D (uy,) + 22D (Un, n) + BD (9) 
H (um +27) AH (Um) + 2A (u,, n)+ HP (y) * 
This ratio is a continuously differentiable function on some interval about 


the point »=0, having for .=0 a minimum equal to X,, (since u,z+pn€ 
W3)(uy,+++,Um—1). From this, it follows by Fermat’s theorem that 


D (Um, n) shield (dey n) = 0. (16.23) 


We shall show that (16.23) holds for all »@W3’. Indeed, put ¢=u,, in 
(16.16). Since 


Um € WS (wy ..., Um—i), then H (us, um) =0 (i= 1,2, ..., m—1), 


and (16.16) takes the form 
D(u,, 4,,)=0. 


Therefore (16.23) holds for n=u; (1=1,2,---,m—1). Hence (16.23) holds 
for an arbitrary linear combination of the functions u; and n© W3!(u,,---, 
Um —1)- 

Let ¢< WS” be an arbitrary function. Then the function 


m—1 


q=t— > uj; Au, sve WY (us, sey Um—1), 
t=1 


m—} 
as is easy to verify. Thus =n+ >> u;H(u;,£), i-e., an arbitrary tC Wy’ is 


a linear combination of the u; and of nC WS (u,,-+-,Um—1). Thus (16.23) 
holds for €, 1.e., the correctness of (16.20) has been established. 

The proof of the fact that u,, has continuous derivatives of all orders 
in Q and satisfies (16.22) there is a literal repetition of the corresponding 
part of the proof of Theorem 1. 
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As far as the fulfillment by the function u,, of the boundary conditions 
(16.22) is concerned, this may be dealt with as in the remarks to the proof 
of Theorem 1. 

6. THE INFINITE SEQUENCE OF EIGENVALUES. 


THEOREM 3. There exists a nondecreasing infinite sequence of numbers 
{rn} and a corresponding sequence of infinitely differentiable functions u,, 
on Q such that 


Au,, + hinlm = 9; 
H (uy, uj) = 8433 (16.24) 
D (uj, u;) = OyjAy. 


Each u,, satisfies the boundary condition (16.2) in the sense of equation 
(16.15). 


ProoF. Theorem 1 asserts the existence of a number A, and a function 
u, such that 


Au, tAjyu,=90 A(4,)=1 D(a) =; 


Consider the closed linear space W3'(u,). By Theorem 2, there exists a 
number \, and a function uw. such that 


Aug Agua = 0; H (ug) = 1; (4, te) = 0; D(ug) = 43; D(u,, Ug) = 9. 
Thus Aj, U)} Ao, Us Satisfy (16.24) for i,j=1, 2. Since W3'(u,;) C W3", we have 


inf D(v) > inf D(v), H(v)=1, 
ve WAY (uy) ve wy) 


and by the virtue of the fact that the greatest lower bound of D(v) on a 
smaller set is not less than the greater lower bound of D(v) on W's". we 
know that \»2;. Considering the closed linear space W3'(u,, uy) and 
using Theorem 2, we obtain A; and u,. Using Theorem 2, this process for 
obtaining \; and u, can be continued indefinitely. We obtain thereby A,,= 


inf D(v) (ve W3(uy,---.Um 1), H(v) = 1). Since 

wy (41, ua, ony Un—1) >) wy) (4, ce | Um) 
(a function v belonging to W$!(w,--+.Un 1) satisfies m—1 conditions and 
at the same time v@ W4"(u,,---.u,,) satisfies the additional condition 


H(vu, un) =O), we have Am S Amoi 
The fulfillment of condition (16.24) follows from Theorem 2. 
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Since H(u,,u;) =6,, the sequence }u,,{ forms an orthogonal and normal 
system of functions. 


THEOREM 4. 
lim ,,= + oo. 


mMm~-> CO 
Indeed d,, ts bounded from below and nondecreasing with m. Suppose that 
Am does not converge to ~. Then i,, would be bounded: 


[Agbe A: M152 as. 
From (16.24), it follows that 
[DG Ie A. - HG) =1 Wn—1,2, 202): 
On the basis of the inequality (16.4), we have 
I (Um) <L,D (Um) + Le (Um) < LA + Le=B, 
i.e., the sequence {u,,| is uniformly bounded in the norm of Ly’ by the 


number \/B. 


We show then that the sequence }u,,} would be bounded in the norm 
of W3). Indeed, if we define the norm on Wy’ by the equation 


loom a{(f --- feaay + lol}, 


[amb ={( fo f nd2)’ +1 amin} < 
<{2f... fuaae+el—o+e. 


As a consequence of the complete continuity of the imbedding operator, 
we would conclude that {u,,j is strongly compact in L,- on any hyper- 


plane of dimension s where s>n—2: 


we find 


2s 
q*<qd=77- 


In particular, if we should take s=n, q*=2, we would find that }u,,| is 
strongly compact in L,on 2. In other words, from |u,; we may choose a 
subsequence {u,,,{ (t= 1,2,-+-) such that 


H(Um,— Um) — 0, if i,k. 


The latter is impossible, since 
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H (um, — Um) = H(Um,) — 2H in, Um) 4-H (Um) = 2. 


Thus, the assumption that lim \,,~ © leads to a contradiction, and the 
theorem is proved. 
7. CLOSEDNESS OF THE SET OF EIGENFUNCTIONS. 


THEOREM 5. The system |u,,| ts closed in, Ly, i.e., for every ¢€ Ly, we have 


the equality 
f os feae=¥(f sete if 4 u,, 42). 


Since A,— ©, it follows that, starting from some integer, J:A,>0 (m2jJ). 
Let K be any number, k>/j. Let vC W;" be any function. Set 


R,=v— 2 un (v, u,,). 


a 


=1 


It is obvious that R,G WS (uj,-++, uy) ae 
H (Ry, u,)=0 (2 eee R). 
Hence 
D (Rx) ‘ 
“H(R,) Zo” “kyl 


from which it follows that 


(1) D(Rx) > 0 
= 


Met 


and 


(2) H(Ry) < 





On the other hand, 


k 
0 < D(Ry) = D(%)— 2D (w, & UH (0, bm) + O( > yal (Uy by) = 
k k ok 
=D(v)—2 DH(®, Um) D(v, Unt DH (0s tm) H (0, Uy) D (tts) = 
k k 
=D (0) —2 DH (% tm) km (Os Um) DTH (% Uyy)] 9D (im) = 
m=) m= 


k J 
=D (0) — Di dm [H Os Hm)? {D (0)— Da baat LH (0, te)? } — 
k 


= 2, bn [H (v, u,,)]2? << D(v) — Dit Un)? 


m=) 


Thus D(R,) is bounded, and from H(R,) S$ D(Ry)/Ag21 and Ay-1--&, it 
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follows that H(R,)—0, which means the closedness of {u,,} in the class of 
functions v€ W3”. Let ¢€L, be an arbitrary function. For any «>0, no 
matter how small, we can find v€ WS” such that 


le—*l,,< Z- (16.25) 


Indeed, denoting by Q; the sufset of points of 2 lying at distance more 
than 6 from the boundary, we will have: 


Jae J ao = lim f in f 242, 
; 


from which it follows that for given «>0, we can find 6>0 such that 


Introducing the function 


® within 2. 
pe 


9 


0 outsideof 2 (Se € Ly), 


4 


a= 
n 


eee 9 — ©. a gO ES. 16.26 
if f | . 25 | 16 7 ( ) 


If we construct as ¢, the averaged function for radius <6, we obtain a 
function v having continuous first derivatives on the closed domain 2. In- 
deed, v€ Wy", and choosing a sufficiently small radius for averaging, we 
will have 





iene fln—vPa2 me a (16.27) 
2 


From (16.26) and (16.27) we conclude the correctness of (16.25). For the 
function v, as was shown, we can find such a linear combination of a finite 
number of the functions u,, that 


V A(o ee > taille < 5 
m=) m=1 3 








which, together with (16.25), gives 


k 
llo— 2 Anti | Ly <é. 
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If the a,, are replaced by H(¢, u,,), then it follows from the general theory 
of the orthogonal systems, the left side does not increase, and we know 
the following inequality 

k 
io > Lyn A(s, Un, iL, < é, 


m=) 


| 
| 





which, in view of the arbitrariness of «, leads to the equality 


f v feae= Z(f - f e4n a2)", 


The theorem is proved. 


CHAPTER III 


THE THEORY OF HYPERBOLIC 
PARTIAL DIFFERENTIAL EQUATIONS 


In the present chapter we consider some problems arising from the 
theory of hyperbolic partial differential equations. We shall treat three 
topics: 

(1) The solution of the wave equation with constant coefficients. De- 
pendence of the solutions upon initial data, and generalized solutions. 

(2) Wave equations with variable coefficients. 

(3) The theory of nonlinear equations. 

All these topics are analyzed by a general method of investigation which 
consists of seeking solutions in the spaces Li’ and W,’ considered in the 
first chapter. However, en route we shall have to solve an auxiliary prob- 
lem in the integration of wave equations with sufficiently smooth variable 
coefficients. It is necessary for us to show the existence of a solution for 
the Cauchy problem for such equations with sufficiently smooth data. 
For this purpose, we employ the theory of characteristics in (2k+1)- 
dimensional space and the method of descent in the space of 2k dimen- 
sions. 


§17. Solution of the wave equation with smooth initial conditions. 
1. DERIVATION OF THE BASIC INEQUALITY. Consider the wave operator 


Ou a 
Qu = 4u— sey (17.1) 
on the domain 2 in the space of n-4-1 dimensions with coordinates x,, 
X»,-++,X,, t, bounded by a smooth = surface S. Let u(x,,x),---,X,,¢) and 
v(x),X»,---,Xn, t) be twice differentiable in 2 with their first derivatives 
continuous up to the surface S. 

Let 


Ouw=f, Ov=¥%. 


139 
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Consider the integral 


J=f.. f{- LEH+E zoster 


dudu r) 
+ ort ye ax; sr, )e0s neh as, 


t=1 


where nis the interior normal to S. 
A simple transformation oe 


oe Ou Ov Ou ov \ Ou cu ov du 
a ies Ns(Es ot me Ox,! I-34 OX; es Ot Ox; 3) )42= 
2S. av du [a2u UN 19 
J. a a O04; me alee = = ax 2} o>, 
=f.. aT Qv+% sae (17.2) 
Replacing Ou and Ov - their values, we will have: 
du | dv 
t= f . S(GetZ/ee. 
Consider the expression 


n 
Ou > Ou dv M Ltd n \= 
> (= cos nt — 97 COS nx,) (Fe cos nt— ar OS nx, )= 


q=1 
__ du du 2 Py A du ov 
= 3 Scisan + cos nt Ye rio 
uel tml 
n 
Qu dv , OU Ou i Py cae ol Ol OU ion 
— ROG + Stee taconite ay cos nt ~ 
t=1 
du dv C1 /du dv , ov a 
re Oxi ae snt— 2 (37 Ox; Soe Ox cos mx, a 
=1 


t=1 


+ gu 20) cost n nx, — cos? nt\ 


{=l 


Everywhere except at the points of the surface S where cosnt=0 
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Ou Ov > 
J= [—s DY (Fe cose — Ft cos) (Fees nt— 
J. .f re nt, Ox ot ox 


ov > oe 1—2cos?at (17.3) 
— + cos Ax; — a 7 teeta las — f .f aS, 


where by ¢ we denote the whole integrand lying within J. 

It is useful to note that if u=v, then at all points of the surface where 
|cos7it| = 1//2, the integrated expression always has the same sign, which 
is also the sign of cosnt. 


> 
sign @ = sign cosnt. (17.4) 
Wherever cosnt=0, we obtain: 
Ou dv Ovau 
aes (F es ys >) 
ot on ot On 
Suppose that u is a solution of the wave equation 


in the homogeneous infinite medium. 

Taking v=u, we apply the formula (17.2) derived above to the function 
u; taking for the domain Q a truncated cone whose generator makes an 
angle of 1/4 with the ot axis (Figure 8). Then 


ROSE ita ah ELD 


S, 
ay. “Bt Ss, ples 

Be, 
where S; is the lower base, S. the upper base and bBo? 


S, is the lateral surface of the truncated cone. Sup- 

pose, for the sake of definiteness, the quantity ¢t on 

S» is equal to to. By means of (17.2) and (17.5), we Figure 8 
obtain 


J(uuy= fi... fbas+f... foas+ 
S1 


Sy 
ae el 2 yee ap COS nx; +([(F sy) cos nt\ — 
(17.6) 
By (17.4), 


wen dS. <0. 
re 
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—f...faas=f...foast+f...feas<f... feas. 
S; Sy S; 


From this, since on SS, and S;: cosnx;=0, we have the estimate 


f-- [SG +Gi]< 
a rep? ($e) + (Gi) | 4s: (17.7) 


2. ESTIMATES FOR THE GROWTH OF THE SOLUTION AND ITS DERIVATIVES. 
For our purposes, it is also necessary to estimate the integral 


i f eas. 
ee fy 


is bounded. Denoting by y(t) the quantity 


yO=f.. ofa dS, 


where Sti is the surface where the es eee X,X»,-++,X, take the same 
values as on S, while the variable t changes from 0 to ty, we obtain 


eg lee se HO 


From (17.7) it follows that 


Applying the Cauchy-Bunjakovsky imeguais we obtain 


Ly’ (0) | <2[ fi. 2S Ge) sf i sures) 


and by virtue of the oe (17.7) 


ly (I< 2Ay (1)?, 


oes - Uy + + (ar) fae] 


The inequality (17.8) at that 


1 
3 


1 
2 


where 


he 
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d ieee 
“Vy<A 
dt 
Vi SV Mo +AS 


or: 
from which finally: 


Y <Yo+ 2A V vot +- APP. 


L.. [atds = B?, 
oe 


Setting also 


we have y< 8B’, and hence 
Y<(B-+ At). 


We intersect our truncated cone with the plane t= const. and let >t be 
the resulting domain of n-dimensional space obtained as the intersection. 
ee as before, we obtain: 
Ou? 
(57) \ as. 


f- ASGE + os f SUG) + 


Integrating in ¢ from 0 to t, we obtain 


So as .f { . (5) + +()} dS < A%, (17,9) 


where V is our Scieeteed cone. 
Analogously, using the fact that 


yo fo. furds <(B+ 40" (17.10) 
Le 
and integrating in ¢ from 0 to ty, we obtain: 


n+1 
ie f wtaV < FU(B+Aty)®—B}=3B%, 4-34 Blg?-+ AY 8. (17.11) 
V 


The inequality (17.10) has a number of important corollaries. 
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CoroOLuaRY 1. Suppose that the initial values of u and du/dt vanish in the 
interior of Sy. Then A= B=O and as a consequence of (17.10) y=0, Le., 
u=O1n V. 


Thus, if on the basis of the truncated cone u=0, du/dt=0, then u=0 
in the interior of this cone. 


CorROLLARY 2. The value of the function u, a solution of the given equation, 
at a point x},x3,---,x9, is determined by the values of the initial data 


uand du/dton_ the ‘‘sphere’”’ n= (D0 (x;-2xf)?)' Shy, which is the inter- 
i=l 


section of the characteristic cone with vertex at the given point with the plane 
t=0. 


Indeed, if for any two solutions of the wave equation the initial data of 
u and du/dt coincide on this domain, the data of their difference will 
vanish on this domain and by Corollary 1, the difference will be null at the 
vertex of the cone. Hence, at the vertex of the cone, i.e., at the point in 
question the two solutions will coincide, as was to be shown. 

3. SOLUTIONS FOR SPECIAL INITIAL DATA. 


THEOREM. Let the function u be a solution of the homogeneous wave equa- 
tion. If the initial values u|,.9 and du/dt|,-9 are infinitely differentiable on 
the whole of the space of the xo,---,xX,, then the function u itself has all deriva- 
tives of all orders. 


ProoF. To begin with, we shall establish this theorem in a more special 
situation. We prove a lemma. 


Lemma. Let the function u satisfy the equation 


07u / 
Au — Fy ag 0 (17.5) 
on the domain —aSx;Sa (i=1,2,---,n) wherea is some constant, and 
suppose in addition that 


| apt a= 0, (17.12) 


t.e., the function u vanishes on the boundary of this domain. Suppose in 
addition that for t=0 
| 4=9 = % 
au) 
Ot |rao 7h 


(17.13) 
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where the functions ¢) and ¢, have continuous derivatives of all orders and 
vanish on the boundary of the domain together with all their derivatives. Then 
the function u has continuous derivatives of all orders. 


Indeed in this case, the solution can be written in an explicit form with 
the aid of Fourier series. 
We expand the functions ¢) and ¢, in Fourier series 


; te cd (x2-+ 2)? — . . (t,+a)r 
Go = y bin, jueves, Sin f, SA) sin jp AO. sin, AB * 
Jy=1 
— .s (ty ta)n 
> EGivdas -oerSq, INS, 35 x 
Ip! 
X sin jy S29)" Arar aed sin j, S29, (17.14) 


The functions ¢) and ¢,; are continuous together with all their deriva- 
tives and may be extended in a periodic way to the whole space with 
preservation of the continuity of all their derivatives. It follows that the 
Fourier series for these functions will converge uniformly together with 
all their derivatives of arbitrary order. 

Consider the partial sums of these series. Set: 


N 

\" - . (Xr +a)r (x. + a)z we (4, +a) Fz, 

AN) == Y 55, Ce 0 a me sin Jo ay see “SiN, —>z—— > 
j,p=! 

. (x1 + a) (xp -+ @) (X, +a) 

x aQ)r x ud 5 > ne 

ON) DD Sin 5, SIO 5p Slide sige SU 
jy) 


If in the initial data we replace ¢o and ¢; by ¢\” and {, we obtain 


for the solution u™ of the wave equation satisfying these initial condi- 
tions N 


LD 05, 5p ond, OSV «FARE t 


jy =1 
B51, ju rood VP+PRE.. +ht 
ae Fes ae ar oe ae x 
yi f- n 
x sin/; Giese 72) ~ sin ja fete Sale SY (int 2) 1) ae 


This solution, obviously, is infinitely differentiable. We shall show that 
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with increasing N the sequence u™ converges in every space W3), where 


! is an arbitrary number, to some function uw. It follows already from this 
that the limit function u is a solution of the wave equation satisfying the 
initial conditions (17.13) and is infinitely differentiable. Since this solution 
is unique, our lemma will follow. 

4. PROOF OF THE BASIC THEOREM. It re- 
mains for us to prove the convergence of the 
sequence u™ > Applying the integral equality 
(17.6) to the ‘“‘parallelepiped’’ whose base S, 
is the “square’’ domain 2:|x;|Sain_ the 
plane t=0 and the upper base S; of which 
lies in the plane t=¢, (Figure 9). If we use 
the fact that on the lateral surface S, of this 
domain (|x;|=a) we have the equality u™ = 
du /gt=0, we obtain 


f- Sr os one oa 230, 


”m 


one 





and hence 


=1 


=|. SEG) + (4) | dS, (17.15) 


We consider also the functions 





a, (N) 
yl) OS ase 
QyGqye 0 eg 
PEE cago ee 8 


These functions in their turn satisfy the wave equation." We note also 
that on the boundary of the parallelepiped for|x;|=a, the function 
Lae will satisfy either the condition u;™)..,, =0, if a; is even or the con- 
es 


dition. UN, ...n,/ON=0, if a, is odd. AppIGAE formivila (17.6) to these func- 
tions, we ahin in this way: 


1 : . : ae 

If the solution u of the wave equation has continuous derivatives up to ({4+2)nd order 
on the whole space, then obviously an arbitrary derivative of u of order / will also be a solu- 
tion of the wave equation. 
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n eu) 2 N 2 
f. S(y Cats) +a) = 
teen ey ieee 


On the initial plane S, all the integrals for given aj,a2,:-++,a, are 
bounded numbers which do not depend on N. 
We consider also the functions 


a 
n 


(kyr) 2 dw) 2 


0 Gy, eee O Bp see @ Beas 
=f Pe Pea) ee) las. Uae 


It is not hard to establish that for sufficiently large k and r, the integral 
on the right hand side of the last equation will be as small as one pleases. 
This follows immediately from the convergence with all derivatives of the 
Fourier series for ¢) and ¢,. From this it follows that the quantity on the 
left side will be arbitrarily small 


ow™ 9 2 aw™ 1) 2 


SLY) +9 Jese<e 


3 += 


Integrating this last inequality in the variable t between the limits 0 
and T. We will have: 


ow: r) 2 ow'* r) 2 


J. ib 2 Stew tn) 4 (Sten ta) | 9 < Tr, 


where, by 2, we denote the domain 0StsT; 0s|x;| Sa. Using the same 
argument as we employed to derive (17.11), we show that 


i) echt f (v0 9 1) e< (eo +e,7T)?<e 


By VIET: of the completeness of the space W$’, we conclude that the 
sequence De aan which satisfies the Cauchy convergence criterion 
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must converge in this space. The convergence of all the derivatives of 
u“’ in W3) implies the uniform convergence of all the derivatives of 
these functions by virtue of the Imbedding Theorem. The lemma is 
proved. 

If we use the lemma, it is easy to prove our theorem. Indeed the values 
of the unknown function in the interior of the pyramid 


0<[xI+i<s (17.18) 


depend only on the values of the functions ¢) and ¢, within the domain 
O0<x,Sa/2 for t=0. 
We construct the functions 








n 
Xe 
(0) —— | pas : 
To =% [4 a ) 
i=1 
n 
P Py 
ema TLe(|2|). 
t ' ‘ a 
t=1 








where y(t) is a function equal to one for &< and zero for &>1, and in- 
finitely differentiable. We will seek a solution u™ of the wave equation 
satisfying the conditions 


On the basis of the lemma, we see that u™ is infinitely differentiable. 


But by what was shown earlier, within the pyramid (17.18) this solution 
coincides with u. 
Hence u in its turn will be infinitely differentiable, as was to be proved. 


§18. The generalized Cauchy problem for the wave equation. 
1. TWICE DIFFERENTIABLE SOLUTIONS. We pose the following problem: 
to find a solution of the wave equation 
07u . 
Du=su—s7=0 (17.5) 
in the whole space satisfying the initial conditions 
UL] ¢=0 == Uo, } 
Ou } (17.13) 
at | em emi a) 
It has been shown that if uy and u, have derivatives of every order, the 
solution of the problem exists and is infinitely differentiable. But of course, 
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there is no necessity for infinite differentiability of the data to obtain 
solutions, especially since the equation involves only derivatives of second 
order. 

We consider first of all the following problem. 

PROBLEM 1. To determine what conditions imposed upon uy and u, will 
assure the existence of twice differentiable solutions. 

In the previous chapter we became acquainted with generalized deriva- 
tives, and may immediately introduce the generalized wave operator. 

Let u(t, x,,--+,x,) be a summable function on some domain 2 of the 
(n+ 1)-dimensional space. If there exists a summable function f(x,,-- -,x;,) 
such that 


n+l 
J... fetpao= ff... forar, 
2g Q 


for any twice differentiable function y(t, x,,---,x,) vanishing outside of 
some closed subdomain of 9, then f is called the generalized wave opera- 
tor of u and we shall write Du=f. 

PROBLEM 2. A function which has a generalized wave operator equal to 
zero will be called a generalized solution of the wave equation. It is natural 
to pose the Cauchy problem for generalized solutions. We shall consider 
both these problems. 


THEOREM 1. If uo has generalized derivatives up to order |n/2)]+3 square- 
integrable on every bounded domain and uw, has similar generalized derivatives 
up to order {n/2|+2, then the equation (17.5) has a twice differentiable solu- 
tion satisfying the conditions (17.13). 

Proor. We construct the sequences of averaged functions |u,,} and 
{uin}. By the theorem of §17, item 4, there exists solutions of equation 
(17.5) satisfying the initial conditions 


[al 
ot gE 


and having derivatives of arbitrary order. 
Consider the function: Up.q=Ukp—Uhgi Up is a solution of equation (17.5) 
with the boundary conditions 


(18.1) 


U | =U u : OP pq =U —iUu 
Pq! t=0-— np Oh’ ot \4=0 \np Ing’ 


By inequality (17.7) we have (Figure 10) 
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fo. (EGE +Geyle<f (BGEy+ 


4 (ey Jas (18.2) 


and analogously for any derivative of u,, 


J. IEG “ee — acme _ . Ox,n 


oS ({y S(t ates Fe (18.3) 


n n 
t=1 Ox, OX, sae OX, 








~ 





see) dS < 


and by (1 6) 


fon feengrase|[fas- fats] + 
+s. SE etestesef- Sie jas] 


By a property of averaged functions (§5, item 2) Up,=> Ug in Wi"? 

and u,,=>u, in Ws" 7? and consequently the right sides of inequalities 

(18.2), (18.3) and (18.4) may be made arbitrarily 

small for sufficiently small h, and A, anda< 

[n/2|+3, and thereby the left sides also, i.e., for 

an arbitrary domain in the plane t=const. the 

sequence }u,! converges strongly in the sense of 

ws ?!*3. However, there follows from this by the 

Imbedding Theorem the convergence of the func- 

Figure 10 tions u, in C* (in the n-dimensional space of x,--- 

-,X,). By analogous estimates, we show that 

gu/dt€C' and d°u/dt?EC, i.e., u is twice continu- 

ously differentiable in the (n+ 1)-dimensional space and is a solution of 
the wave equation. 

2. EXAMPLE. We consider the wave equation in a 5-dimensional space. 
We saw above that it sufficed to demand by way of the initial conditions 
the existence of square integrable fifth derivatives for U, and fourth deriv- 
atives for u,. We shall show that if the square integrable derivatives exist 
up to lower orders only (for up derivatives of the fourth order, for u, 
derivatives of the third order), the solutions may not have continuous 
derivatives of second order. 


a 


St 





‘V. (18.4) 





2}+3 
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5 

Let r=(>_7?)'?; then if f(y) is continuously differentiable m times 
t=1 


(m=5), 


t—r)—f(t 
Pope Gari i AUale D 


will be a solution of the wave equation with initial data 


2f\ (7) ah e 


Bene Boas, (18.5) 














i ae aE or where 2f; (r) =f (—r) —f(r); 
rere ae Le %fo(r) =f (1) +h(—9). 


We have 





gf ee a ee 
ar rs re 


= 73 ; 


If m25, it is not difficult to verify that d’w/dt? and d’u/dr are con- 
tinuous, and an application of l’Hospital’s rule gives 





ou ape POSIT + Uf (f=) +P" (A) _ z ho. 
r=0 r>o0 
Let 
0, y<l, 
sor=| (y—1)5, y> 1. 
Then 
OQ, r<l; 
= — 14 —))ja-1 
lo | el rer ce!) os 
0, r<l; 
ua|_ oo +a (a— yoo ee 


and it is not difficult to see that up@W!", uw? but we We, 
u,c WS if 9/2<a<11/2. Thereby we obtain: 


0, <1 
=| A(t—1)-8, £>1 (A= const 0), 


ou 
oe r=0 





and the function u(r,t) given by (18.5) turns out not to be twice continu- 
ously differentiable if 9/2<a5. As is easy to see, u(r,t) is a generalized 
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solution of the wave equation for the data uo, u,; and moreover the unique 
solution (cf. Theorem 3). If 5<a<11/2, it is still true that usc W), uc 
Ws” but the corresponding solution is twice continuously differentiable 
and, as a result, the conditions up Ws"?!*3, u,© Wi’?!#? are not necessary. 
Analogous examples may easily be eonstructed for n= (2k+1)(k=1,2,---). 

3. GENERALIZED SOLUTIONS. We saw above that a solution of the wave 
equation having continuous derivatives possesses the property that its 
norm in an arbitrary space W%’ (if we consider it as an element of this 
space) remains uniformly bounded. These norms may be estimated if the 
initial values of the function are known, more precisely, if we know the 
norm of uy in the same space W3’ and u, in Wy”. 

The invariance of the norm in Hilbert space yields the possibility of 
proceeding to a rather convenient generalized interpretation of the solu- 
tions of the wave equation. 

We shall say that the function u is a generalized solution of the wave 
equation in W3”: 


if the function lies in W$” on every bounded domain and in addition it has 
the generalized wave operator 
(a oyu = O uy, 
equal to zero. 
Obviously, every generalized solution of the wave equation in W3!’ is 
the limit of a sequence of functions u, converging in W3” on every bound- 
ed domain and themselves continuous solutions of the wave equation 


CL) a, = 0. 


Indeed, by what was shown above, uw; will be the limit in W$” on 
bounded sets of the sequence of averaged functions u, 


lig => hs 


Furthermore, each averaged function obviously satisfies the wave equa- 
tion since the wave operator commutes with the operation of averaging. 
This is shown by the same means which we used earlier for the proof of 
the fact that the derivatives of averaged functions are the averages of 
their derivatives (cf. Chapter I, §5, item 2). 

We shall prove the converse theorem. 


THEOREM 1. If the function u is the limit of a sequence u, of twice con- 
tinuously differentiable solutions of the wave equation having uniformly 
bounded W’’ norms with the sequence converging weakly in L,, then u Is a 
generalized solution in W3". 
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Proor. On the basis of the theorem on the existence of generalized 
derivatives, we conclude that u belongs to W3!’. The fact that u has the 
generalized wave operator zero follows from 


f---JeOydosti f... fax yae, 


where y is an arbitrary function having continuous derivatives. If we 
choose y, in particular, to be a function vanishing outside of some domain 
V, and remark that 


f. .. f uO pau =0, 
we obtain 


f..-feOydv=o, (18.6) 


as was to be shown. 
4. EXISTENCE OF INITIAL DATA. 


THEOREM 2. Every generalized solution in Wy; has on the plane t=0 
limiting values uyb& W;" and u,CL, corresponding to n-dimensional space. 
Thus on every domain S, in the space of X,,---,X,, we will have 


lim||a (&) — ao] yAr) = 0; 
cai : (18.7) 


The plane t=0, of course, was chosen completely arbitrarily. Our theorem 
leads to the conclusion that a solution of the wave equation in W$! can 
have the plane t= const. only in the role of a removable singularity. 

We recall that from the Imbedding Theorem there follows in this case 
a somewhat weaker result, namely that every solution u of the wave equa- 
tion in W3” can have the plane 
t=const.only as a removable 
singularity if we consider the 
values of u in L. (without deriv. 
atives). 

We proceed to the proof of 
our theorem. 

We consider in the plane t= 0 
an arbitrary n-dimensional 
sphere S, and construct through 
its boundary the reverse char- 
acteristic cone (Figure 11). 





Figure 1] 
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Denote by > (t) the sphere obtained from the intersection of this 
cone and the plane t=const. The value of > (t) for t=T will be de- 
noted by S3. Let V(t) be the conical piece bounded by the lateral surface 
of the cone and by the planes S; and > _(t). 
Suppose that v is some twice differentiable solution of the wave equa- 
tion. For it we have the inequality: 


a 


fA D+ GY] s>F.. SDG+ Gls 


if t>t,, obtained from (17.7) by replacing t by T—t. 
Integrating in ¢ from ¢; to T, we obtain 


SZC +B) href. LET + GI] 6 


V(t) t= 
(18.8) 
Let v,=u,(t+k) —u,(t), where u,is an averaged function for u and 
k>0. 


Applying (18.8) to v, for a fixed value of k and substituting its value 
for v,, we will have: 


> flies Se) ea ee) | ds. 
(18.9) 


In formula (18.9) we may pass to the limit as h—0 since the conver- 
gence of u, to u takes place in W3), i.e., together with the derivatives of 
first order. From this, we have 


fo LS eero—— oft [Zeca] fas 


= (t,) foal 
<raal I {Blane =O) + 


+[ Fu (t--k) —a ())] as. (18.10) 
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The functions du/dx; and du/dt belong to Ly on V, and, as a result, are 
continuous in the large on the domain V. Let t,<7'/2. We may then 
choose 6(e) so small that for k<6(c) the right side of the inequality (18.10) 
will be less than « independently of ¢;. 

Thereby we obtain: 


ie ({S[Leut+o—aen]+ 
~ (t,) t= 


a 2 
+(5 (u (f+) —u (é,))| \as <e. 
We put t,+k=t, and obtain in the n-dimensional space: 


a) F) 
lle (4) —w Iw <e | Sp) — 3 (4h, <6 


for t; and t, sufficiently close and in particular for arbitrarily small ¢ 
and fy. 

By virtue of the completeness of the spaces L, and Ly’, there follows 
from this the existence of a limiting value for t—0 in L, for du/dédt and a 
limiting value for t—0 in LS” for u. If we note also that a limiting value 
for u in Ly exists by virtue of the Imbedding Theorem, we arrive at the 
conclusion that there exist values for u and du/dt for t—0 belonging re- 
spectively to WY’ and L, respectively such that 


Iz (4) — 4 (0)Il wi > 0, | Sr (4) — (0) ine 


The theorem is proved. 
5. SOLUTIONS OF THE GENERALIZED CAUCHY PROBLEM. 


THEOREM 3. For any functions uo (X1,X2,+++,Xn) & WS? and uy (x1,-++,Xn) © 


Ly», there exists a unique generalized solution u of the wave equation in W3' 
satisfying the conditions: 
u = o = 4, 
Ou - 
= u,, (17.13) 





where for t—0, u(t) converges to uy in the metric of WS! while du/dt con- 
verges to u, in the metric of Ly. 


Proor. Consider the averaged functions for the initial data: uo, and 
Uy. If we put them in place of uy and u, as initial data, we may find solu- 
tions of the Cauchy problem since these new initial data are infinitely 
differentiable. 
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Suppose the new solutions of the wave equation are u,. It is easy to 
show that the sequence u, converges in W$’ in the (n+1)-dimensional 
space of x), %9,---,X,,¢ and in the n-dimensional space of x,,---,x, for 


an arbitrary fixed value of ¢. Indeed, put us, —Ur,= Ypo- 

The function u,, is a solution of the wave equation, for which the quan- 
tities A and B will be as small as we please for sufficiently small A, and 
h,. If we use inequalities (17.9) and (7. 11), we see that for suthiciently 
Sal h, and A, we obtain: 


fu fohavcs J. fd 3 (Bet) 4 (Met) as <e 


i=1 





from which it follows directly that the sequence u, converges by virtue 
of the completeness of W3’ and Lz in the space of x; x2,---+,X,, t. The 
limit function u by virtue of Theorem 1 will be a generalized solution of 
the wave equation. 

Furthermore, if we employ inequalities (17.7) and (17.10) replacing in 
them S, by S3, we will have 


These inequalities mean that the sequence u, converges on an arbitrary 
plane ¢=const. in the sense of W$’ with the convergence uniform with 
respect to . 

One easily concludes from this that the limit function u, which was 
shown in the second theorem to have initial values for u and du/ét respec- 
tively in WS” and L», assumes on the initial planes the given values wo 
and u;. In fact, 


4 4) — 4 (ODI yy < Hen (4) — (OI or 


Hen (0) =u (OD yr Uhety (0) = 4 (2) cn 


for sufficiently small A we have: 
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€ 
I| 4, (4) —u (4)|| wl) xS 3 ; 


6 


uy, (0) —w (0) yan << 


Choosing & sufficiently small for fixed h, we will have 


€ 


|| 4x (4) — a, (0) || WA) <5) 
whereby 
(4) 40) yy Se 
Analogously, it is easily shown that 


| Ou ce 


(a) — (0) I< 


Thus Theorem 3 is proved. 


§19. Linear equations of normal hyperbolic type with variable coefficients 
(basic properties). 

1. CHARACTERISTICS AND BICHARACTERISTICS. In the present section 
we shall show the existence of solutions of the Cauchy problem for linear 
equations of hyperbolic type with sufficiently smooth coefficients for 
sufficiently smooth initial data. 

We consider the equation: 


2k4+1 2k+1 a 2k- Y 3 
“U u 
sD erat ea ee OD 
t=0 j=0 t=0 


where Aj (A, =A,i), B,, C, and F are functions of the variables xo, x,,--- 
.++,Xon41 continuous together with their derivatives up to order K+1 
inclusive, where K is a sufficiently large number. 

We assume that for each point of the space, the quadratic form 


2kt+1 2k+1 
t=0 j=0 
may be brought into the form 
2k+4 
A (p) = — 3 G+ (19.3) 


t=1 
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with the aid of a linear change of variables. 
The equation (19.1) is called in that case an equation of normal hyper- 


bolic type. 
A characteristic surface or characteristic for equation (19.1) is a surface 
Ci cae Maye) 0, (19.4) 
for which Se 
A ($2) 6 (19.5) 
Ox; 
while 
2k41 ee 
yy (= ; 
amd x=) > (19.6) 
i=0 


at each point of the surface. 

An equation of normal hyperbolic type has, among others, a character- 
istic surface with a conical point at an arbitrary given point of the space 
xp, x? x$,---,x9,.1. This surface is called the characteristic conoid. In the 
case of an equation with constant coefficients the characteristic conoid 
reduces to the characteristic cone. 

We recall some of the simplest properties of the characteristic conoids 
and of their construction. 

We set: 

0G 
axe Ee (19.7) 

As is known from a standard course on the theory of partial differential 
equations of first order a surface (19.4) satisfying the equation (19.5) is 
obtained as a manifold built up out of bicharacteristics, i.e.. solutions of 
the system of ordinary differential equations: 


dx; ae ap; 


TA ~ 10a * O28) 
2 Op; 2 Ox; 
More precisely: a parametrized equation for the surface (19.4) is obtained 
in the form 
X= E(s, xf), x), 2.2, XO, pO”, po, ---, PQ.) (19.9) 


) 0 . . 
where xf, x}? ,---,25P.4, po’, pi.--- pseuy are functions of 2k independent 


variables v,, U2,--+,U%. For these: 
(a) The functions (19.9) together with 
] 
p= >t (Sy aly cnceg HY ss pO pO; ances po...) (19.10) 


should represent the general solution of the system (19.8) depending on 
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4k+4 arbitrary constants. In (19.9) and (19.10) we set 


Xi leog =X Pilg = PM (19.11) 


(b) The functions x!” (v,,--+,U2), pl(v;,---,Uo%) should satisfy the con- 
ditions: 


A(p) |, 9 = 9, (19.12) 
ak+1 dx (0) 
y Fe = 0; (i=0,1,2,..., 2h). (19.13) 


4=0 


In the condition (19.13) the quantities x; and p; should be understood 
as expressed in s by formulas (19.9) and (19.10); 

(c) The equation (19.9) should give a parametric representation for a 
manifold of dimension 2k+1 (and not lower). 

We shall show how to construct by means of this theory the character- 


istic conoid with vertex at the point x)”, x{,..- xSP... 
We assume that we have constructed the solutions (19.9) and (19.10) of 
the system (19.8). In them we shall consider p\”,p\”,.--,p$?, as indepen- 


dent parameters, upon which we shall impose two conditions: the equa- 
tion (19.12) and the normative condition: 


oH 
0)2 — 
SB p=1, (19.14) 
The quantities x”, x(°,..-,xS?.; will be taken as constants, not depending 
ON Po”, Pts += ,P2 41. 


It is not difficult to verify that the equation (19.9) gives for this para- 
metric equation a surface satisfying the equation (19.5). Condition (19.12) 
is satisfied by the choice of the p!”. The condition (19.13) is also satisfied 
since dx{°/ap\” =0. 

As to the fact that in this case we will have from (19.9) the parametric 
equation of a manifold of dimension 2k+ 1, we shall give a brief proof of 
it later. 

We note first of all some important properties of the equations (19.9) 
and (19.10). 

Set 

spi. 
Spy == Ty 19.15) 


We show that the functions ¢; and 7; depend ons and on p.” only 
through y,, i.e., that 
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ai(s, x) yt Yo Mt Make 

r, Oo» "1" » “2k4l? g ' gg? : S : (19.16) 
Yo 1 +1 

*i(s, Nyy Ay Pe ee te ri seo pe me), 


do not depend on s for given y,; and x!”. 
(1) 


Indeed, in place of s and p; consider the new variables s, and p, , set- 
ting: Ss 
py 


$= a5); of ar a 


(19.17) 


Putting these new variables into the system (19.8), we obtain a system 
of equations for p!” and x; with independent variable s,. This system 
turns out to coincide with the system (19.8) and may be obtained from it 
by a single change of independent variable and of the functions p,. It 
follows from this that the functions 


(0) 








(0 {0 0 
x, =", (a5,, Xo . cee, Xoe41, Po . see) pox +1), | 
(1 I 0) (0 (0 (0 i) = ¢ (19.18) 
py = “P= > ™e (as;, Xo 4 xi ay ene XH 41, Po . isthe Pok+1) J 
also satisfy the system (19.8). 
Set s 
Pi lao = Pt” (19.19) 
where p!) = ap or p =p a. 
We have obviously: 
(0) 
ilqeo = % - (19.20) 
The equation (19.18) may therefore be rewritten as: 
(0) (1) (0) (1) 
Pp Po 
x,=6, (a5, xe), eee, en cay - 3 ia, ference Past) 
i 2 (19.21) 
1 (9) 1) (0) (1) 
(1) (0) 0) Po Pak 
Pi =i, (as, aes. | aa ‘ been, et 


On the other hand, for the same functions x; and p; as solutions of the 
system (19.8) satisfying conditions (19.19) and (19.11), on the basis of the 
uniqueness theorem we will have: 


—_ (0) (0) 9) (1) (0) (1) 
¥;, = & (5), Xo y eer Nok4d, ps yoreey Per), 
19.22) 
(1) | (9) 9) (0) (1) (9) (1) pea 
Pe og Te XO y very Maki, Po 4 ++ ey Pare | 
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The right hand sides of (19.21) and (19.22) are identical for any a. Set- 
ting s;=1; a=s, we obtain our assertion. 


Set 
EMS) ay ieee RO bide pe a ea = 
ED, 6a 6 ere Cera Vee Dis eacey Vapyad 
mr, (S, Cae wads ipa: 1, in arenes peed) = 


=I, prea xe Yor Mir vrey Yoke) 
We shall show that the equations 
Xp== X; (x9, ae xh; ie Nope see Vouey) (19.23) 


express a change of coora mates from x, to y; in our space which carries 
the point y,=0 into x,=x!, has close to this point a Jacobian different 
from zero, and is continuous together with derivatives up to order K, 
where K is a sufficiently large number. 

By known theorems of the theory of ordinary differential equations, 
the functions 7; and &; have continuous derivatives with respect x{° and 
p{” up to order K+1 inclusive. 

We shall consider the functions x; and p; as functions of the variable 
s and the parameters x x(? x{,..-,2$?.,, p&p\”,---,psr., and consider the 
derivatives of x; and p, with respect to s. We shallshow that lim (d*x;/ds") 

s—0 


is a homogeneous polynomial of degree a and lim (d*p;/ds*) isoneof degree 
at+1 inthe p™. 

For the proof we employ once more the system of equations (19.8). Dif- 
ferentiating the equations of the system with respect to s a sequence of 
times and removing each time from the right hand side the first deriva- 
tives, we may express d°x;/ds° and d’p;/ds® in terms of the quantities x; 
and p;. We shall show that we shall obtain each time 


d* x4 ( 
Fae = XP (Xo Xyy eee Xoegys Pow Pir +++» Powsrs | 
(19.24) 
OP ix, x x ) 
dsc o> My ess Xoksas Pos Pir +++> Porsi)s 


where X!” and P‘ are polynomials of degree a or a+1 in p,. 

In order to prove this, we apply the principle of mathematical induction. 
For a=1, our assertion is obvious. Suppose that for some a our assertion 
has been proved. 

Differentiating (19.24) with respect to s, we obtain: 
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k 2k 
d Ge axe aah ax; +! aX dp; 





ds \ ds ds Op; as 
2k+1 x) ea ea ree 2k+1 4 

= Ds 4 Aart S, “Op; > DE: az, * PiPins 
j=0 1=0 j 


from which it is clear that our assertion is still valid for a+1. 

Passing to the limit for s—-0, we obtain the desired assertion. Analog- 
ously we prove the assertion for p,. Since the derivatives in s exist up to 
order K+1, applying Taylor’s formula, we obtain: 


ek+1 


x, = x+s > agoe-+) sxiy (p'°)) | RY, 


1 eis (19.25) 
P= Pts y TTT? (0) + REO, 
a=2 
where X{”, []/**” are polynomials of degree a and a+1 in p)”. From 


this it follows that for any r<K+1, we may express x; and p; in terms of 
y; by 
ak+1 r+1 


P= zy s a (y,) + at. : 


where the derivatives of order a of R, and R"!)} taken in Pp, vanish for 


s=0 like s**?-*. A simple calculation shows that thereby the derivatives 
of R, and RO | in y; up to order r+1 inclusive vanish at the origin of 
coordinates. As a result, the derivatives of x; with respect to y; up to the 
order of r+1 exist and are everywhere continuous. 

It is obvious that the Jacobian 


D(Xp Xs. -- +) Xan 41) 
D (yo Ji -ees Yak+1) Igaso 


and on the basis of the implicit function theorem, there exists a domain 


0 0 . . . 
with center at x9”,---,xdk'; on which an inverse is defined: Yo, ¥1,---.J’2n41 
are one-valued fanbbiane of the variables Xo, X1,- ++ ,Xo41- 


On this domain, we obtain 
9k4+1 r+1 


=» HS) (x — xf) » y ”) (xj— Py 4: (19.26) 


j=0 hes? 
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where H” isthe inverse matrix to A!” and Y!” is a polynomial of degree n 
in (x;—x!). 

Thus it is established that the (2k+2)-dimensional manifold of the 4; 
corresponds to the (2k+2)-dimensional manifold of all possible values of 
s and of values pj’, p\”,---,p4?’,1, bound by conditions (19.12), whereby to 
each value of y; corresponds a value of (s, p\”) and conversely. 


The equation A(p‘”) =0 in the variables y; may be written in the form 
Ao (¥,) = 0 (19.27) 


and consequently represents the equation of a cone, i.e., a manifold of 
2k+1 dimensions. 

Thus we have proved that conditions (a), (b), and (c) are satisfied as 
given above and consequently (19.27) is the equation of the characteristic 
conoid. 

By our assumption that the equation is of normal hyperbolic type, the 
characteristic cone will divide the whole space into three parts: the ex- 
terior, the upper interior, and the lower interior of the cone. Any direction 
at an arbitrary point of the space will either point into the interior.of the 
cone and will by analogy with tke ordinary case be called time-like or it 
will point into the exterior of the cone and will in that case be called space- 
like. 


In the analytic definition, those directions | will be space-like for which 
A (lo,+ ++ ,lon41) <O and time-like for which A (Ip,- ++ ,l,4.) > 0. 

On acircle around the given point Coe 0), ) we may make a trans- 
formation of coordinates carrying the matrix || A{?|| into canonical form. 


Suppose that this transformation is 
— (0) — . a 
X,— XO) = 2 O20 2 » Ta (4, 2), 
j Jj 


where a,; and y,; are bounded functions continuously differentiable K+1 


times of the variables x)”, x(,.--,xS?., for which the determinant 
| a5; | > h, 
where A is anumber not depending on x{’, x{”,.--,x§?.. and K is a suffi- 
ciently large number. 
Then 
Ye+1 2k+1 
YDS Aer crslio coe, = 
(0 fe aban 
zk+12k+l 2k4+12k-+1 
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and, as a result, by the assumption on the canonical transformation, we 
must have 


2k+1 ak-+1 O fm 
ba Agtitjm=)—1 l=m~0 
ae aa | 1 /=m=0. 


We shall assume that such a transformation has already been carried 
through, and that y; is the corresponding local system of coordinates, 
giving (19.27) the form 


2k+1 
Yo— dd Y;=0 (19.28) 
or if we set 


f 2k+1 
en 3 
P=V 
t=1 


yz—p? =0, (19.29) 


1.e., in the coordinates y; the characteristic conoid turns into a right circu- 
lar cone. Such a transformation can be made at each point of the space. 

In the case of variable coefficients it is necessary, on the other hand, 
to note the following important circumstance. In the solution of the 
Cauchy problem for the wave equation, the bicharacteristics were straight 
lines and therefore our solutions of the characteristic equation could be 
extended to arbitrary time ¢t. In the case of an equation with variable coef- 
ficients, the field of bicharacteristics may have some kind of singularity 
(for example a focus) and therefore we may not obtain the right formula 
for the conoid in the whole space, but obtain it only insome band not con- 
taining singularities of the field of bicharacteristics. The width of this 
band may be estimated from the coefficients of the derivatives of second 
order, but this estimate is not of interest to us. 

2. THE CHARACTERISTIC CONOID. We transform the equation (19.1) into 
the coordinates y;. In the new coordinates our equation takes the form: 


\) a 0?u ~ dou pe aa 
For this, the cone with the equation: 
G (yo, Mivceey Yors1) =Yotp=9, (19.31) 


where 
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will be the characteristic cone, and the lines 


i= ay Yo» 
where 


Ds ay = 1 
will be the bicharacteristics. It is useful to consider what consequences 
follow from these facts. On the characteristic cone: 








0G ; , 
ily 5 ilar heen imi ((£ 0), 
: ° (19.32) 
: Yo 
We substitute the solutions of the system of equations: 
ay Seas. 
Tod 1 ad 
2 04; 2 Oye 
where aia spay 
A= 45969 
7=0 j=0 
If we set: 
Pinos), (19.33) 
ds : 
we write our system in the form: 
— a, = a4 9 (S) 
YMe+12k+1 > oe “k+1 
1 aA snare 
oy N N F) ~ 45 Agi — ijtj 
i=0 j=0 j=l 
ae 9 (s) | (19.34) 
=a ; 
al ~ 
Thus, a 
ok+1 
Ago — » Ainty = 2 (5), (19.35) 


t=1 
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As —_— > Agj4; = 239 (s). (19.36) 


Multiplying the second equality by a; and adding, we will have: 


2k+1 2k+12k+1 


Y 4%; — >; yA ya= Se 72 (s) = 


t=1 i=1 j=l =1 





-9(s), (19.37) 


From this, among other things, it follows that on the surface of the 
characteristic cone 


2 ae a 
Ao — ba ag Aigts%j = 29 (S) (19.38) 
d=1j=1 
or 
ec ee es 
» Ags = App — 2% (s). (19.39) 
t=1 j=1 


3. EQUATIONS IN CANONICAL COORDINATES. We pass to the study of the 
Cauchy problem for the equation (19.1). Let it be required to find solu- 
tions of that equation which satisfy the conditions: 


|p 9 = Mo (Xs + +++ Xonei)s | 18%40) 
Oxo = Uy (Xy, +0) Xone) | 


We make another important assumption. We assume that at each point 
of the part of space being considered, Am2=m>0, A,S—m<0O (1+0). 
This is equivalent to the requirement that the direction of the x) axis 
should be time-like, and that all the remaining coordinate axes should be 
space-like. 

We now introduce a new variable, setting: 


f= Yo-+p. 


For simplicity in the argument, we shall in the following designate by 
d/dy, the partial derivative with respect to ¥; taken on the surface y= 
const., i.e., for constant yo. and by D,/ Dy; the partial derivative with 
respect to y; taken on the surface t=const. Then we obtain: 


Oa ie JE ee CO 
oy; Dy 6 Dt’ Oo Dr” oo De’ 





oe Ji : 
Oy; ot ~~ Dy, Dit p De? 
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eo PF Yiyy cee SA) 
Ty dy3 Dy Dyy DE oat 


yi (=D yyy DO, 
ory Dyjbt + De: (YS); 


p2 
a 2 2 2 2 
2) eee 
ay? Dy; 2 p38} Det p Dy; Dt pe? D# 


Setting these values in our equation, we will have: 


2k+1 8k+1 ak+1 2k+1 








~ D2u Du 
> yA ] Dilys p3 yA 4p by Oey 
iml fol for] jue] 
ak+1 2k+1 Vig Di 2k+1 
7 ~ Viyj 
= > » Ay DE a ae Aw —_ a 
tom] =] 
ok+1 ye Du att 2k+1 ies 
+2 > Aut = pat 40 pa ati oetl® 3 (— Ay -42) + 
= f=1 f= 
2k-+1 ic eS ig be . HE he 
~ ee Ji ~ ; D ~ = ~ 
2 Age a 28 ~ + Bo] Dt + ye py 
= = = 
or 
2k+1 ake} ‘ss 2k+4] 5 
ON ae ee 5 acca ge 
1d Au apenas t DY Bea + ee + 
f=] j=) t=] 
Bk4+1 2k+1 i 
.y Pee ae e 5 (Fr) 
+{2 Lad y Aij p + Ain Dy; \ Dt otf 
{=1 joel 
2k+1 1 RAL 2k+1 2 25 mek 
Ses © 1 SOG ae = od 
+(¥ An >— ¥ yA ye Zh Bl eh + 
i=] tel fad = 
2k+1 ak+ Sui 2k+1 i \ Dt 
4 ade eee t pad 
+4 Maye Yat A) SE RF, 940 
fel jel = 
which we write more briefly in the form 
(0) (0) Du Dus 


where by L'”’ and M” we denote the operators appearing, respectively, 
in the first and second curly brackets on the left side of (19.41), and by 
J the third curly bracket in (19.41). As is easily seen by virtue of (19.32), 


168 S. L. SOBOLEV 


(19.35), and (19.39), on the characteristic cone t=0, we have J],..=0, 
and (19.42) takes the form 


(0) 0) Du 
Leu MM” a, =F. 


We carry out still one more change of coordinates, introducing polar 
coordjnates instead of 1, y2,° ++, Yar41- 

4. THE BASIC OPERATORS M® anp L IN POLAR COORDINATES. We will 
define the position of a point by the coordinates p, where 





and the unit vector A. 

It is necessary for us to investigate more closely differential operators 
in these variables. 

In order to calculate any differential operator on the unit sphere, we 
choose some coordinate system on the surface of this sphere. For us the 
choice of the system is indifferent, and therefore we may, for example, 
choose for each point of the sphere its own coordinate system regular in a 
neighborhood of this point. 

We may, for example, consider for this purpose polar coordinates. 

The system of polar coordinates on the unit sphere is given by the equa- 
tions: 


¢ 
Zak 41) = PCOS Yop, } 


: ¢ 
Zox = Sin By, cos By,_, 


Zy =p sin 9, sin f,,_, ... sin Bg cos dq, (19.43) 
Zg= sin d,, sind, _, ... sin), sind, cosd,, 


2. ¢ : . . . 
Z,=psind,, sin, _, ... sind, sind, sin d,, 


where —1r<v0,;<7; 0<0,<9r; 1=1,2,3,---,2k, and z, is an arbitrary Car- 
tesian coordinate system obtained for the y; by a rotation of axes, i.e., by 
the affine orthogonal transformation: 


It is useful to note the formula 
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Dl yy You sees Somes) __ _D (21) 29, «+ +) Zee 41) ch 
D (Pp, vy, Ye, eee, 9ox) D (7, tH, Ye, seey ax) 
= pk sintk-1 9, sin%-20,,_,, ..., sin?d,sin8,. (19.44) 


From this, there follows immediately 
aQ = p% sin?k-19,, sin®*-2 05, 5. wae 
sin? },sind,dp dd, ... dids,. (19.45) 
If we take into consideration that the surface p=const. is a sphere, the 
line J; =const.,---,0o,= const. is a radius of this sphere, and that dp/dn=1, 
where ni is the exterior normal to the sphere, we conclude that the surface 
element of the sphere is: 


dS = p* sin*-1 8, sin%-295,_1,..., sin 3,8, dB, ..., dd,,- (19.46) 


The system of equations (19.43) in the form when they are solved for 
the U,, will be: 


i 8 
Z,=P,3 V22+23=9,; Leary > 23 = 2,: Peer 


1 
2k ak+1 
ee os %__ pe (19.47) 
V > 27 = Pox: ea 
{=1 t=] 
: 22 = 23 _ 22k 
$, = (sign z,) arc cos, 3, = arc cos Paneer 9.1; = arc cos—=, 


Zz 
§o, = arc cos Et | 


In the following, for convenience in calculating any operatvr at the 
point A, on the sphere, we shall choose the axes 2), 29,-+-,Za4; In such a 
fashion that the point A, under consideration falls on the z, axis, i.e., that 
we have at this point 2;=p, 2,=2,;=---=24.=0. 

A function ¥ given on the sphere is said to be s times continuously 
differentiable at the point Ao if it has at that point continuous derivatives 
up to order s, inclusive, with respect to all the coordinates 1), J2,+++,Jo% 
for the choice of coordinate system as given above. 

A function which is continuously differentiable s times at every point 
of the sphere is said to be continuously differentiable on the sphere. 

A linear differential operator of order s on the sphere is said to be con- 
tinuous at the point A, of the sphere if it consists of a linear combination 
of derivatives up to orders inclusive with respect to the variables 0, 
Uo,+++,09, with coefficients continuous on a neighborhood of Ao. If it is con- 
tinuous on a neighborhood of each point, it is said to be continuous on the 
sphere. 
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An operator of order s may be applied to any s-times continuously dif- 
ferentiable function. 

We will call an operator Lu defined on the unit sphere r-times differ- 
entiable if its coefficients at any point are r-times continuously differen- 
tiable. If an operator of order / which is r-times differentiable is applied to 
a function which is m-times differentiable, where /<m<il-+r, then the 
result is a function which is (m—!)-times differentiable. 

After these remarks, we pass to the calculation of the operators M 
and L™ in polar coordinates. 

To begin, we calculate the form of the operator M". 

It is easy to see that 














Dv al Dv 
j=1 
In its turn 
2k+2 
Dv _ XN Dv Dd, Dv Dp _ *j ov 
Dz; md D3 Dz; De Dig aa 
s=j—1 
‘ ; . Mes . 
Spe cae em pues Ces Pili, SE |---| = 
OD p 2 2 fad OF 21lz 
jn} 1+( 223) zj may ae ( e_) Zs+1Ps 
2; toe a Zeit 
2k+1 
Ed) OW) — dv ea oY ov a 
p Op Ov, Pj saj dU, Psfati 


Replacing all the 2’s and p by their expressions and taking into consider- 
ation that at the point concerned all the p, equal p, we may give M” the 
form: 


M9) ase aa 2 AV, (19.49) 


where G is a function of the variables ¢, p. J;.-+-.J2, defined on the whole 
v-sphere and for all p in the interval 0<p<M, continuously differentiable 
with respect to all its variables, while A is a differential operator of first 
order on the unit sphere which is sufficiently often continuously differ- 
entiable. 

We also examine the value of the operator M“” for t=0, i.e.. on the 
surface of the characteristic cone. For this. we have ),/p= —a,, and by 
virtue of the equations (19.36): 
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pete tk+1 2k+1 D 
oa ~ v 
2( + Av) po = 24) Ya 
i=1 j=l i=1 
2k+1 és 
a uv ov 
= — 20(s) ¥ Dene Os 
= 
and by (19.39) 
ak+1 ak+1 2k+1 oe ok-+1 
fo ~ Sig TD Ms Dp 
» Au » VAG a “= by By = > By = 
{=1 t=] joi t= 
2k+1 2k+1 
=| Y4u—40+2¢()]o+ B+ 8, 
{=1 ’ {=1 4 
Therefore 
My| = 
t=0 
see 2k-+1 
Awn— 3 Ais (Bn + > 54) | 
So | el | ( eee ces) Ry mec rl Come (A 
Op p 29 (s) 27 (s) | 
We show now that 
Pte (19.50) 
5 
[Aco — © Au), -o = (24 +2) 9 (0). 
We consider for this purpose the values 
Ais: 
Obviously, the following equalities hold: 
ie 2+) 
Aool,—o— , = a; Aio|, 9 = = (0); 
a k+1 
Aoi |p=o — = a; sAg|,— 9 = 4¢ (0), 


where a; are completely aieees numbers such that }\a;=1. If we set 


we See that 
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from which it follows that 


Agol,-o = (0); Aorl,-o = 9- 


Further, putting 


a, = sinw 
a, = = cosw, where / Mm, 
a,=—0, ixl, itm, 
we will have 
sin w (Au, ,-o T 2 (0)) = cos Atm er ee 


from which we obtain, using the arbitrariness of uw, 


Aim|,<9 =9 Au! — ¢ (0). 


2=0 
From these equalities, formula (19.50) follows. 

Furthermore from the existence of continuous derivatives with respect 
to the variables 45. ¥1,---,}2s-; for the coefficients - it follows that 
cee ie wD 22 Ae. A” (k) 
A= Aglaot PAG i 7 AG ho Ghee Sa jp TRG» 
where Rj,’ the remainder vanishes together with its derivatives up to 
order K inclusive for p=0. 

Analogously 


Considering this decomposition, we finally obtain for the operator 
AVE spe 


My] _. = — 22 (9) [$2 +(4+0)0], (19.51) 


where the function G(A.p) is bounded and has bounded derivatives of 
sufficiently high order. 

We shall now express the operator L'” in the same coordinates. 

We will have after an obvious computation: 


Ls = Q” ou 
00? 








tae Gy, (19.52) 


where Q is a function sufficiently often continuously differentiable on the 
sphere, RF is an operator of first order on the sphere, and S is an operator 
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of second order on the sphere which is differentiable sufficiently many 
times. 

It is of interest to calculate the value of the operator Lv for t=0. For 
this purpose, we represent the operator Lv|,-) in the form: 








Lege 2k-+-1 ak+h i 
(0) xe a U 
L tha] U4 iy » y 0 CH Dy Dy Dy, Dy, i 
t=] t=1 j=l 
2k+1 
. | 
+Y a5 aol (3). (19.53) 
i=1 


Such a representation obviously will be regular, where A, will be func- 
tions continuously differentiable in p and Jv. 
We obtain, obviously: 





ak+1 p? ak+1 ‘ 
» riage ae tee 
faye t=] 


where 2 is the Laplace operator on the surface. We have: 


Ll a= { Gee 00s (6.5)] + > [24 + 0Qa(p, 19) 2 + 


+3 [2 + Qs (p, 1] ole (s), (19.54) 
5. THE SYSTEM OF BASIC RELATIONS ON THE CONE. Let A” be an opera- 
tor of first order in the variables y;,:-+,¥o,41, OF, equivalently, in the vari- 
ables p,31,-++,U2,, the coefficients of which depend on the variables ¢: 
2kh+1 ak+1 2k+) : 
(0), V D Uv ~ 
: =x pa I Dy, Dyy By, By Tg Os Dy; are 
=] = f=1 


We shall denote by the symbol a'A/d¢=A" the operator of the form: 


Qk+1 ak+1 


DA, Dv kt! DB, D ac 
AM%= YY a gee y; SF oe tyr (19.58) 
t=] 


{=1 j=l Di Dy Dy; Dt Dy, 


the coefficients of which are the derivatives of order / of the coefficients 
of the operator A“. 

We form the operators M"” and L" by the rule written above and con- 
struct their expressions in polar coordinates. 

By calculations analogous to those already made, we obtain: 
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Mo — G® 22. ae o4. -- Ay: 
ne (19.56) 


} 

I (l 1) Ov 1 a 
I = Q +5 1 RI tgs? | 

The coefficients G” and Q” are functions continuously differentiable 
on the sphere, A“ and R" are operators of first order on the sphere, and 
S is an operator of second order on the sphere, differentiable sufficiently 
many times. 

We return now to equation (19.42). 

Differentiating it /-times with respect to ¢ and setting t=0, we obtain 
(if we take into account that ea 

l 





Vv No pn 2 u wey monn Ditly 
= r! domi’ r\ ee Drt 
T= 
= me 
df 2S Dety pre _ DIF 
= 19.57 
a = n(i—nt De-" ‘Dirt? De ( ) 
and introducing the notation 
Deg = lv; Dov =I" 0+ M9; ] 
Dangle) DJ 
DI o=Mvot+ Dr @ 
‘ 1—r) i (t—r+1) (19.58) 
D9 = ——— _L' 9 ———__—_———_ M ot . 
: ri(i—r)! T Gop (l—r +1)! "e 
ii Di-rt+2, 
——______-—. —______; 2<r<l 
2 TC Dé="*4 pre 
we rewrite equation (19.57) in the form: 
141 ~ 
Oo ng Dir Du Ditty. |. DEF 
2 OF ae = Mat (4, 2, sos ST {= pe (19.59) 
r 
We set now 
Du 
=a 
Di ime r (19.60) 
In this notation equation (19.59) may be rewritten in the form: 
oy ar 
~~! 1) 
M po (ey Us 3 85 =\V DP u, = —. (19.61) 
k-t (Ur 4y 141) = roe ar 


On the right hand side of (19.61), there obviously appear known quanti- 
ties. 
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§20. The Cauchy problem for linear equations with smooth coefficients. 

1. THE OPERATORS ADJOINT TO THE OPERATORS OF THE BASIC SYSTEM. 
Given some system of m linear operators on / functions in the (2k+1)- 
dimensional space of p, 3,,-+-,3., with the volume element 


dQ = p% do dS = px dp d, dbs, ..., A¥ox, (20.1) 


where dS is the surface element on the unit sphere and «x is a variable 
factor equal to 


% = sin®*-19,, sin?*-29,,_, ... sin?d, sin 5. (20.2) 


The operator M‘) may be displayed in the form of a rectangular matrix 
M having m rows and / columns. 
1 2 (t 
MM wae Me tainty 
D I 
Me MES phe MO ee Me 


(1. Q (t) 
M;), M?, ..., MP... My 
(1 (3 ( (l 
(Me Mae aa Mesh oN? 


Let M{ denote the operator adjoint to the operator M;”, i.e., such 


that 

2k (g (a 
* — OP 7) OP.) 
upk (wjMF vg = UsM;) Wj) = a + o : (20.3) 


i=1 





where P') denotes the components of some vector.” 
We shall define the system adjoint to the system M,; as the system N, 


consisting of / linear operators on m functions W, W2,+++,Wm of the form: 
mr * mL 
~~) 8 \ ; 
Nz (w,, Wr, weey Wm) => > mM) Wj = >», Ni? wy. 
j=1 j=1 


The matrix of the operators N will have the form 


ok simple calculation shows that the operator mM}? is defined uniquely in this way. 
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NO) nv?) 0, NP... Ma” 
j ( 
NO NO o.., NO 00, Ne 


1 2 j m) 
IND) slg sNG pas Ny 


NP, xe eh ac, eeagcle 
This matrix is obtained from the matrix of the operator M*" if in the 
latter one replaces rows by columns and takes the adjoint of each operator 
NY? = MS, 


The system of adjoint operators satisfies the following relations: 


m t 
xp? [= wyM;(V% +++» %) — 2 te, (Wy, We, eee) Wm) = 


—= y a+ ae where Py = y ye PY). (20.4) 


fen] j=1 s=1 


We construct the system of operators N; G=0,1,---,k) on k functions 
01,92.-+,0, adjoint to the system (19.61). 
The matrix M for the system (19.61) has the form: 


Loe: pe», pe”, .. ; pe yar pet) Db DE-» 

pk) pk) pe). ; pts). pe pes. 0 

pe" pk). pie), ee , DE, pe) 0 0 

Dy DE, PPO. 2 pis. 9 0 0 
M=— 


DP, oP, of, 
D?, D\”, DY, 
DY, 4) D\ " Dp”, 
Dy’ D 0 


oo fo Oo 
oO oO fo 8G 
oO oOo fo 8 


The corresponding matrix N will be: 
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peor Die, pea pee Apne pe", De, pe by” | 
pe. pen. 15) mea pee Binae p®, pe pe po'| 
k—1)* k—2)* k—8)* k—4)* 3)* — 7(2)* 1)* 

Det Da Dey De) ) Su iDe, Dar Dey. 20 
k—1)* k—2)° (k —8)* k—4)* 3)* 3)* 

Ds ¥ Ds Ds * Ds seep Del Oe, 0, 0 

N=!]... ‘ 

) 


pe. ‘pie? ue pear pti 4)* 


k-~3 k—3 >» *e 0, ’ 


DES De DE. 0 283; 
Ora Dee"... 0; 0, ..., 
Dv—" a, 0, Oe  aity 


- 


y 


SOO; < 


0, 0 
0, 0, O 
0, 0, Oo 
, 0, 0, 0 


2. THE CONSTRUCTION OF THE FUNCTIONS oc. We now construct the sys- 
tem of functions oj, 02,---,0, which are solutions of the equations: 


Gee = 0; 
k—2)*, (k—1)* 
1” dg Dy) 3, = 0; 
oe “9, vot ail ot DiT)"s, = 0; 


(20.5) 


D"s ot nt Yop it pe "Sua et..e + DY s, = 0. | 


This system turns out to be recurrent, the functions 0, o9,---,o, being 
defined in order. one from another. 
Further, let 


€ a 
No (91, +++ 9%) = Dy”, -+ Db oy, + Do”"3,-9-+ 


+... + DEW. (20.6) 


Obviously there holds the relation obtained from (20.4) and (20.5) 
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k— ~ 
m= olF 
| > 9n-1 gr — Hoo Bias “| 
l=0 
k—1 
= xp Vox. ees My (dy os tgs) |E 
= 
k—11+41 
SS (ate a) 
t=0r=0 
k—1 ae se oP oP 
, 0 
—= zo>k » On_} [ Sr Mar Ho» a8 5 u1.1)| a > 39, “Oo” y 
6 u m=1 (20.7) 


2k+1 2k+1 


where P=). >: pe 


r=] [=] 

We calculate the quantities P“” in the usual way. 

From the expression for J(t,p,\) it is easy to see that J(t, p. ») and its 
derivatives inftup to order k+1 are continuous for p=0. Therefore, 
taking into account formulas (19.58) and (19.56) for L® and M" for t=0, 
we find: 


1 > 
Dio = Mg + pr g=—20 (5+ [e+ G (p, i) Jol; 


Div = LO 9+ IMM 9+ say ie 2! De =2(9){ Fe s 
X [1 + pQ1-+ 5 [2k+ Qa + = [2+ eQale} ; (20.8) 
® sla Oo - chi Wa 
ae =e(s){A ap roe an co}, 
0<r<l—l, J 


where G, Q, and A are functions, Q and B are operators of first order, 
©, Qs, and C are operators of second order, sufficiently often differentiable. 

We pass to the calculation of the adjoint operators. We note first of all 
for this purpose that the operators B* and Q3, adjoint to the operators of 
first order B and Q 3 defined on the unit sphere, will be themselves opera- 
tors of first order defined on the unit sphere. The operators 2*, Q3, and 
C*, adjoint to operators of second order on the sphere, will also be opera- 
tors of second order on the sphere. The operator 2* will coincide with the 
operator 2, since the Laplace operator on the sphere is a self-adjoint 
operator. 

Further, the following formulas hold: 
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(ese) Ble sO),  o 
o\* 1 @ * 
Similarly: (2235) ——(GH Je PMO). 
o%| 0 = + am + om] = (po) = aa “i Ce) + (avp*); 
Plo uk ot a = (0) Sr 4 5 (9%) = 
= 2 (0%o) SE — uF (p% 0) ; 
p *{0Q2 Seu = pik Lie a) ae 

= [o0Qa (Fe) — Qi (o%e) SE | + [Qi (ee) So + us (Gina) | = 
ak 





— 0 * 9k ; 
=o, [4 (Qzp o|+y wy, 
t=] 
where P; are some expressions given on the surface of the unit sphere. 
If we use the fact that the adjoint operator is unique, we see that our 
assertion is established. By virtue of formulas (20.8), we obtain: 





Dis = se Fe asd yj — U9) 5G (p, [29 (s)0) = 
= Qe 2 (s)-2 =} e-Rottt: Rye iF (20.10) 


where H is a continuously differentiable, bounded function. 
Carrying through analogous calculations for Df? and D, where r<!—1, 
we have finally 





pitt = 22(s){ 2+ Lik ot) at (20.11) 
OM 2 gel tet 5 [2k 5 a + 
=a Ze gor s\ (20.12) 


») 02s ee | 
ottemeia{ Pees Met ate ret—t a 








3. INVESTIGATION OF THE PROPERTIES OF THE FUNCTIONS o. We pass to 
the study of the character of the functions oa, defined by the system (20.5). 

We show that with the appropriate choice, each of them can be repre- 
sented in the form: 
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(— 2)'b (28 —1 —1) T(z) 1 
KL) = TU )PQkR—h)Pe—) pe-et [1+ p¥y], (20.14) 


where ¥; is a bounded function of the variables p and ¥,, differentiable 
sufficiently many times. 
First of all, we remark that o, is a solution of the equation 


0 1 
and consequently 


L 
as TJ 7, tod len 8 
oy 2 (Vie Tecarre! Don) e ii (e+ fs (er, 9)) dey 


P 
: 
. —f San fH ten 9) dp, 
= 7 (9, Dot eag Vox) € . : = 


P 
— (Hey % ap 
= 1 (Bi) Og, . 05 Dox 1) He 6 (20.16) 
We set 
(— 2)*~11 (4) 
XB 9a ++, de) = SE ; 


Our assertion for o, is established. 
The property for the function o,_, for arbitrary | is proved by induction. 
The equation for o,_; has the form: 


2[ t+ E(k toto] = 





= Yn-1(P» $,, ty Dox) 





where ; 
(I+-1)* 1 (14-a)* 
Lk-2 ST (s) Di4i Ok-1—1—~ S76) (s) Dre %%1-a— 
1 (k—1)* 
—... ——~D Cis (20.17) 
10 eta: 

Substituting in the right hand side of the last equality the values of 
0}, 02,--+,04-;-; Which we assume to be known and to satisfy the condi- 
tion asserted above, we see that the main term of the right hand side is 
obtained from substituting the function o,_).; in the operator Df!" and 


has the form: 
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(29) Tr (2k —! —2)P(k) a 1 2k a l 

P(E+ 2) 2 (Qk—NT (RID) [_ Op? p2#-7- peta p dp pak—l-2 aaa | = 
got — P(QR—1— 2 (ak) (R12) _ 
ae a Ti+ 2) T(Qk—1)T (k-/—1) ss p2k-8 [ (2k—1—1) 24] ae 


T (2k — 1 —1)T (kz) l 


-_ 1+1 == 
= (— 2)" FEF DPGe— Dre ly Pee 


A partial solution of equation (20.17) is easy to obtain by standard 
methods. We will have: 





Xe— 
04-1 = 94 f = do. (20.18) 


From this the value of the principal term in the decomposition of o4_; 
is obtained by elementary means. 

Our formula for o,_; is proved. 

We consider one further question, namely the estimate of the principal 
term in the operator No (01, 2,---,0%) for p—0. 

Obviously this principal term is obtained by substituting the function 
o, in the operator D”. 

This principal term is clearly equal to 


o3 2k oO 1 C 
Getta taper? 
Thus, No (o1,:--,04) begins with terms of order p-™, since the terms of 


order p~"*+ are missing. 


4. DERIVATION OF THE BASIC INTEGRAL IDENTITY Bu=SF. We now 
return to the identity (20.7). 

We consider for t=0 the domain © in the space of y,---+,¥2,.1 contain- 
ing the origin of coordinates in its interior. In the variables x), x2,---,Xox01; 
it will be a domain in the characteristic cone containing the vertex of the 
cone. We remove from this domain a sphere pe around the origin of 
coordinates and denote the remaining domain by 2’. The boundary of 1)’ 
consists of the exterior bounding surface S and the surface p =«. Integrat- 
ing both parts of the identity (20.7) over the volume 2’, we obtain: 


alF oo 
‘ic Sle es ' |r — Ma p(Ug, By ees ara1)| + y ot 


m=1 
k— 


OP _ 2k oF 
a. So} eas = ys «fe [Soe Sr 


— UN (91, «+ 23) do dS. (20.19) 
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Obviously {(0'F/dt') — My. : (uo. Uy,-+ +t.) ]=0 by equation (19.61). 
The left side may be transformed into an integral over the boundary of 
Q’, We obtain: 


OF : 
ee sels So. en (935 aise a °4)] dy ds = 


= ere bo cae f Pod, (20.20) 
: eit 


where = is defined by the equality 


dB; d9o ... d9gp 


aad be d3in + Pods, cae ddy,,. (20.21) 


We now take formula (20.20) to the limit as «---0. On the left side we 
will have a convergent integral since Np has a singularity of order not 
greater than p ” and each of the functions o has a singularity of order 
not higher than p-™~'. We consider the limit of 


Jf. f Pods. 


J=ms 


We show that this limit will equal Cuy|,-», where C is a nonzero constant. 
Indeed, there can be nonzero limits only from those termis arising from 


the decomposition of 
[sve ) Pees, 


which do not contain the factor p. Such terms can be obtained from no 
other ox., than o, since even o, ; has a singularity of order p “ ” and 
the derivatives of pc, , with respect to p for p=0 must vanish. 

It is also obvious that such a term cannot be obtained from terms con- 
taining u,, since u, and «a; appear in equation (20.7) only in the form: 


( ()) * 
3,Dy” u, St: DP" s 


hy 


where D}'’ is an operator of first order and as a result the terms P\! can 


contain rls derivatives of o, with respect to u,, and these derivatives do 
not vanish at the singularity to the order needed. 

Thus, there remains only to calculate the boundary term /ii'. We have 
for this part of the boundary 
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4 Do "2. 01D, Uy = Uy 7 (° k + on moe pk 06. 
ak Op 40? Op kr 02 J ak 5; ; 
where C is some constant. From this, there follows: 


lim .-- | PodS = Cyuyj,_,- 
oat eee 0 Hol,—o 

Using this, we finally obtain after substituting this result in (20.20) and 
dividing by the corresponding constant: 


1 
Uo |, 0 =z vee f WyNy (Ay +5 4%) dQ — 


k—1 


aa a lee ir ares ie wf Bas} (20.22) 


8=0 


5. THE INVERSE INTEGRAL OPERATOR B™' AND THE METHOD OF SUCCES- 
SIVE APPROXIMATIONS. The relations we have obtained yield the possibil- 
ity of constructing the solution of the Cauchy problem for equations with 
sufficiently smooth coefficients in the cases when those solutions exist. 
The existence of such solutions we shall establish later. We consider the 
problem of finding the solution of equation (19.1) for the conditions 
(19.40). Suppose that we need to find the value of the unknown function u 
at the point Po (xo, X1,+ ++ ,X2n41)- 

We construct the characteristic cone with vertex at Py. This cone is in 
its lower part will intersect the plane x»=0 in a set S bounded by a part 
Q of the surface of this cone which contains the point P, in its interior. 
Indeed, by virtue of the fact that the direction of the x-axis is always 
time-like, the transformation of coordinates from Xp, X1,-++,X2-41 tO ¥o, 
¥1,°°+ ore. Will transform x9 into yo in such a way that dxy/dy) and 
dyo/dxo will both be bounded and different from zero. This follows from 
the boundedness of scale and finiteness of angle between these two direc- 
tions. Therefore, moving down the characteristic cone on any generator, 
we will always have dx9/dy9>A>0O and cannot reach the point x9=0. On 
the set S the quantity = will be known. Indeed this set lies in the plane 
Xo=0 where all the derivatives of the continuous function u are obtain- 
able from the equation (19.1) and the conditions (19.40). All derivatives 
containing at most one differentiation with respect to xp are given directly 
by the conditions (19.40) differentiated with respect to x),---,X 421, the 
derivative d°u/dx5|,,-0 are determined from the equation (19.1) in which 
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one finds only derivatives having not more than two differentiations with 
respect to X. Differentiating (19.1) with respect to x, we obtain equa- 
tions for finding @°u/dx3, d'u/dxj, etc. An arbitrary derivative d*u/dxo is 
determined by differentiating equation (19.1) and substitution of initial 
data for all known derivatives. The remaining derivatives are obtained 
by direct differentiation with respect to x,,-++,xX2+; of the derivatives of 
the form d*u/dx%. 
We introduce some notation. Set: 


] 
it (Xqy Xp, 0 Kons —=f vee fu (Xo.- ++) X2x-41) Nod@ = Bu. (20.23) 


The operator B carries the function u defined on the domain x)>0 into 
a new function u defined on the same domain, and can be applied to an 
arbitrary continuous function. 

Let also 


—af- nose eae fdQ= SF. (20.24) 
&=0 
The operator S can be sais to an arbitrary function having contin- 
uous derivatives of order k and defined for x»>0O and carries it into a 
function defined on the same domain. 
The equality (20.22) can be written in the form of the equation: 


Bu= SF fy. (20.25) 


By the definition, F is a known function. If we set SF=fh, fi tfh=f, we 
will have 
Saf (20.26) 

The equation (20.26) is an integral equation of Volterra type. A little 
later, we shall establish its solvability and find its solution. We investigate 
a particular form of the equation (20.26). 

We suppose that the function F vanishes together with all its deriva- 
tives of order up tok inclusive for x,»<0, and that the function u also 
vanishes for x.<0. Then in the equality (20.22). the integral 


| ees) =dSs 


vanishes since it depends only on the initial values of the function u and 
its derivatives of order not higher than & and these initial values are all 
zero, as follows easily from our assumption. 

We obtain in this case: 
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Bu=SF (20.27) 
or 


Bu =Slu, (20.28) 


where by Lu we mean the hyperbolic differential operator standing on the 
left side of the equation (cf. (19.1)). 
We study the properties of the operators B and S. 


THEOREM 1. Let T, and T, be two values of the variable x9. Let T.>T,, and 
suppose that corresponding to the variable point Po (x), x\°,---,x$?.,) we have 
constructed the characteristic cone >. Denote by 2, and Q) the domains cut 
out of the characteristic cone >. by the surfaces x»= T; and x)= T>. Obviously 
Q; D2). Then we have the estimate: 


hase J lNol a2 <K(T2— 7)), 
2,—2, 


where K is a constant not depending upon Pp. 


In order to carry through this estimate more easily, we replace in the 
expression dQ the independent variables p, 3j,---,32 by the variables x, 
01, 32,--+,0o,. For these 


D (pe, 41, ae 84x) — 9P 
D (Xo. os, oees $x) OX z 


But p=—yo by our construction. Therefore dp/d¥o<M, where M is a 
constant. Furthermore |N,| <Kip~™, and therefore for an arbitrary do- 
main 1’, 


f ies fi mle <K, f re f o%%p- dp dd, eee 
Q' Q° 


=K, [ .-. f ap a8, ... dDax << MK, f ... f dxy dd, ... dy. 
Qa’ Q’ 


From this, our inequality follows immediately. 
THEOREM 2. The operator Bu=f has an inverse. 


We shall establish that the equation Bu=f is solvable by the method 
of successive approximations. From this the existence of an inverse opera- 
tor will follow without difficulty. 

We set: 
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uO =f; wd (x9, x Ward= fo. fum-Y ao + 


0 
San. cecaleny, 


We show that the sequence u' converges uniformly. From this, it will 
follow obviously that its limit will be a solution of the integral equation. 
As usual, it suffices to consider u"~—u" =v", where the v'”’ are re- 


lated by the homogeneous identity: 


ot) = f nae f ve vy ae. (20.29) 


Suppose that |v’| <M. 
We show that then 


(0) ‘0 ba 
Jv) (x0, 2, eked] <M Ke “— (20.30) 


The proof proceeds by induction. Suppose that this inequality has been 
established for some n; we show that it remains valid for n+1. We have: 


” Nol do = 





Jomni< f.. - f [0 I], Ja2<f.. Wf anne s 


210) 
x(n 


=f MKa (5 mf FIM [a2 )axP < 


z,> a(t) 
29 
<MKn+ { 


0 


(Q)n 





0)n+1 
dx) < MK! , 


as was to be shown. 

Having constructed the solution of the equation Bu=f, we find the 
solution of the Cauchy problem for the given equation of hyperbolic type 
if that solution exists. 

It remains for us to show the existence of such a solution. As a prelim- 
inary, we shall prove some further theorems. 

6. THE ADJOINT INTEGRAL OPERATOR B*. Let v(x. xX).---.Yor-1) be a 
function of the variables xo,---,%,., vanishing for x,>7\>0 and for 
|x;|>T>, where Ty is some constant. The functton u will be assumed to 
vanish for x» <0. We form the integral: 
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f eae frxlorp ay Xons1) x 
“Bu (Xo, Xi) eeay Xon41) AXo oe AXon yy (20.31) 


over the whole space. This integral may be transformed into the integral 


7 
es eer ie. 
ba BY Oi ( Xe v1) ee ey Xoke1) dXo, dx;, eeey AXon. 4: 


The operator B* which appears as the multiplier of u under the integral 
sign is called the adjoint operator of the operator B. 


THEOREM. Both operators B and B* can be applied to arbitrary continu- 
ous functions, satisfying the corresponding conditions of vanishing in cor- 
responding domains, and carry them again into continuous functions. 

Both operators have continuous inverse operators, i.e., B~' and B*~' exists. 
In other words, the equations Bu=f and B*w=y have unique continuous 
solutions for continuous right hand sides. 


The existence of a continuous inverse for B was shown above. In order 
to prove the theorem, it is necessary for us first of all to construct the 
operator B* in an explicit form. 

Transform the integral (20.31). We will have: 


2k+2 
ere eee, 
f ae feo rn ve ew Maney) [2 (Xqr Xs <>) Soe) — 


7 vA ’ 
—f eae f 4 (xo. x1 einerieis Xorn41) 
2 


X No (p, 81, -. ++ Dax) 0% xdodd,, ..., dba] dxpdx,, «26, dXqn = 
2k+2 
=f eee f 2%. Nyy eee, Xox41) 4 (Xo, Xi) en Xoxsi) x 
4k+-3 
XK dx dx,, .. 55 dx t f Hey f2(% ooo Xone1) KX 
X<No (Xo. Xie ey Maka yPs 0 eee Dax) u (Xo (xq) Xiy sees Xokets 


Ps 5, oeey Dax) x1 (Xo, X))- «oy Xqeets Pr Oy, : +) Dox)s peda 2. 


satay abed (Noy Ata eae Koei Ps Dine oa don)) X 


Xo xdo dd,, ..., dbo, dx, ..., dXqxe1- (20.32) 
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In the last integral the function Ny depends upon the coordinates of 
the vertex Xo, X;,°+-,X2.4, and polar coordinates on the cone. On these same 
coordinates depend the variables x9,---,x2,.; appearing beyond the sign 
N, and calculated on the surface of the cone. We carry through a change 
of independent variables, taking as the new variables the coordinates 
X6,°+*,X$e41 and leaving as before the independent variables p, 0),->-,Wo.. 

Thereby, the second integral in the equality (20.32) can be rewritten 
in the form: 


tk+3 ha 
—— ; P 
J “s frole. Bi, 222s Box, Xo (Kor ee ey Kags Pr Bry eees Dax)s 


Hi Ces ices Kang G os ))* 2 (x (xo, X1, Lees Xak+1+ Pr Ops soos Ogu) 


¥iCais)e wets Kanga Ges)) X 


u(x, x x yp DC eas ices ones Bites See 
or? Paks D (xg. Rye eee Lapepae Pe Ope oe ee Dan) 


<< dxy dx, eee dx2,.,0"xdodd, eee addy; = 


2k+2 2k +1 
a, 


=f siete ful, rarer xine) { f Siete fro (o, 8, ot, sip Dor, 
Kp (ey Nay sions atari py Sea O nee BAN hak 
Bate Re ia owe ee Se Dine Dy ew CE aa Dy cee 


D (Xo Xpp even Lakes Py coos Dox) ok 
Xoo (. + 0)) Re te enn k ptkx dp dd, ... dd | 
arr ( Mee a, Xap ge Preece Sox) P ks ak f X 


x axo eee dx2n 41. 
From this, it is evident that we can put: 


B*v 





’ ' = U(x 5 eae aad) — 
Dyess By yy ; 
8k +1 


—f _ [roe Bip. coku Die: ay omsnnaeaeagn ee eaud Onn: 
es ae) ote, Nop (oes) 


D (Xp. X15 eee Kae ys Py $1, sees Sox) 


; U(Xo(. ++), 
D (x4, x} oe ey Xora. ey 41, eens Son) ® ) 


Lilo 5)s ee Age Cone) 08 SIN Dag SIN ae ope 


... Sin 9gdp dd, d0,, ... dda,. (20.33) 
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In this form, there appears a resemblance between the operators B and 
B*. This resemblance extends not just to the external form of their rep- 
resentations but also to many properties. 

We investigate first of all the character of the surface in (2k+ 2)-dimen- 
‘sional space given by the parametric equations 


, , , 
Xo = Xo (Xo, 1, 00+, Mak+1y Py ee oor Box); 


. : , ! f 
Xok41 = Xok+1 (Xo, X1y oe ey X2k+15 p, $1, oo ty Dax): 


We shall show that the surface (20.34) is itself again a characteristic 
cone with vertex at the point x6, x{,---,3,4; but extending in the direction 
of increasing values of x9, i.e., the upper portion of the complete charac- 
teristic cone. Indeed, the point Xo, x;,-++,Xo,4, and the point x$,x{,-++,X2n41 
by construction must lie on a common bicharacteristic. Consequently, the 
set of all points xo, X1,-++,Xon41 for which x, x],-++,%3,41 appears on the sur- 
face of the characteristic cone directed downward, coincides with the set 
of all points of all bicharacteristics passing through x9, xj,--+,3,,, and this 
set is the upper part of the characteristic cone, as was to be shown. 

We set: 


é D (Xo X14, 2+ 0) Xo +1: Bs $1, seep don) aA 
D (Xo, My, oes Lops Ps Oy +0 Box) 0 


and estimate the size of the Jacobian: 


D(Xq Xt, «+01 Feet fy +++ Ox) 
D (Xp Kyo oees Langa Pr vee 82x) 


This determinant will be bounded. Indeed, we may for its calculation first 
of all change coordinates from the variables x¢, x{,---,%3,41 to the varia- 
bles yo, ¥1,°:*,¥or41 and calculate the function 


, , , 
Yo (Xo> Kir os Kaen rs KO, Ly eee Xak41)} 


, , , 
Ms Boe Riy-w e ahea Men Bie 2 ons X2x%41)3 


. ee . ° . . . e e . . . ° . . . 


, vA Z , . 
Jake1 (Xp, xy, no Big Xonsys Xo, X1, eeey X2x41)s 


where Xo, X1,°*+,Xo,4, are the coordinates of the vertex of the cone with 
respect to which the substitution is carried out, and xj, x{,---,X5,4, are the 
running coordinates related to yo, ¥i1,-++,¥2r41 by the formulas (19.23) in- 
vestigated above. 

It is not difficult to see from general theorems on ordinary differential 
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equations that for fixed s, p),--+,pgr’, in the equations (19.9), x6,21,+ + \xbe41 


will be continuous and sufficiently often differentiable functions of the 
initial data xy, X1,--+,Xy4, With a functional determinant different) from 
zero (the initial value of this determinant being equal to 1). 

As a result: 


xo (Xor Xys seer Xongtr Yor very Yonsei)» | 
ee dyer Shree Ge tat Sa Sn ere es (20.35) 


’ 
Xon41 (XQ, Xp) ++ ey Vongay Yor ee Yonsei) 


will be continuous functions of 2X, X1,-°+,%4,,,; With functional determinant 
different from zero. But the  funetions x6(xo,+++,X2n¢1, Pp, 0157+ + 2p) 


2k + 
. ° ‘ »\} ry 
are the same functions (20.35), where we set Yor n= (2 a) . The bound- 


i] 
edness of the determinant 
faa D(x Xp veer Xox +1) 
—_a ? ’ , 
D(Xq Xp wees Xox 41) 


is proved, 
It follows from this without difficulty that the function No= NoD satis- 
hes the inequality 


| No |< Mp-%. 


We shall show that the function No, just like No, satisfies the integral 
inequality 


i vee fINole™ dp as <K(T,—1)), 
Xx <7, < T, 


For this, in distinction from the previous case, 7 >.%, since the cone 
on which N¢@ is defined extends in the direction of increasing x. from this, 
as earlier, will follow the existence of an inverse operator B* in the space 
of functions vanishing for x»> 7, where T’ts an arbitrary constant. (in 
the case of B, we had to do with the space of functions vanishing for 
x) <0.) In order to establish (20.36), we need as before to replace dp under 
the integral sign by dx, for fixed x6,+++.X3e11, Oi: ++ 0p 

Along the line 3; = const., Jy= const.,+-+,9.,= const., we have 


(20.36) 


Xy= (XQ Ky, oy Loner by Die e+ +s Vora): 
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Considering this as an implicit equation for x» for given xj and p, we 
obtain: 





Op Ox, 
= = ta ; +5 
or , 
OXo 
dxy Oxo 
“dp ax, 
“Op 


From this, there follows the boundedness to be proved. 

Our theorem is established. 

7. THE ADJOINT INTEGRAL OPERATOR S*. Just as we constructed the 
operator B* adjoint to B, we may construct the operator S* adjoint to S. 
We show that such an operator may be defined for all sufficiently smooth 
functions vanishing for x9> 7 > and |x,|>7>, where Ty is any constant. 

In order to construct the operator S*, we use the previous method. We 
have: 


sum a: at eo 


3=0 
Rt ye 
=f... ae) »y Ju sé 
= ed 2K-8 Bo a YP Zxbak+t 
— ° Pr oe Laterde| 
ga ak . 
Ae Mista 2 eds. (20.37) 
Here eee is the coefficient in the representation of the derivative 
d'u/d¥q in terms of derivatives with respect to Xo, X1,--+,Xe.;, and the inte- 


gral is over the part of the characteristie cone lying above the plane x)= 0. 
It may be considered as extended over the whole surface of the cone, 
since u=0O for x) <0. 

We form the integral 


J=f oe foc weer Xgky 1) SUX dx, 2... AXanyy- 


Transforming it as above, we obtain: 
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safe fl So mp ts mee x 


Pox +t 
vee ONG 


ak+1 k—1 


x f are f Yi 2k -0 (Xo (40. er bead By. Big aang Dams 


8=0 
ot 
Uae eer a) ce ee Boe 1 U(X (Hor ++ +s Xoe+y 
By Dy; 04a5. Van) My ow as eng anes Coreg) OM RS Vanes 


sin}, dod), dq.) dxodx1 ... dxeK41 (20.38) 


If we take into account the fact that u vanishes for x»<0 while the func- 
tion v vanishes for x»> 7’, we may integrate by parts in formula (20.38). 
Thereby we will have: 


k+2 


a? 
d= fine fulee .... xn) { ») Pa al eR Ea 
Wace i Ox) OX) ... OXag KT 
ak+1 k 

—_—ae, K—1 

—¥ ’ 
x f aesys f >» x5 (Xp (Xo, ess Dox), X1(.- >) seey Nake (...))X 

8==0 


KY desta Gr hes a CX 


<< p%xdp dd, ..., dDay\ dx, pene Sorte 


It is obvious from this that the operator S* has the form: 


o° 
S*u = > af + fen nn (x0 ( yee 
Ser OXy «+s xa T 


eee) Xons, ( Ji P, oat Vax) Ys Ais nd Sapa os 
x0 (Gi. ee ses Xan 1) pk dpxdd,, ..., don. (20.39) 


From this very form of the operator S*, it is evident that it is defined 
for functions having continuous derivatives of order k. We may now 
proceed to the proof of the existence of the solution of our Cauchy prob- 
lem. 

8. SOLUTION OF THE CAUCHY PROBLEM FOR AN EVEN NUMBER OF VARIA- 
BLES. First of all, we reduce our problem to a simpler one. We calculate 
the value of all derivatives with respect to x» up to order k+1 inclusive 
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of the function u, and we set: 


u=w-+u Sm Pe “5 |, sues 
k+1 kyl 
tyes. ale st ee (20.40) 

For the new unknown function we will now have a homogeneous Cauchy 
problem and an equation with another inhomogeneous term F;. It is ob- 
vious that F, together with all its derivatives up to order & inclusive will 
vanish for x9=0. 

We consider an arbitrary function $(xo,x),+++,X2"41) which is sufficiently 
smooth and differs from zero only in some bounded domain V, contained 
ina band 0<x )ST >. We construct the differential operator L* of second 
order adjoint to the operator L. The operator L* will have the form: 





(A+ 1)!axk+! 


2=0 


2k4+12kK+1 a 2k +1 ; 
* N Lay go 
chinese > 2; dx, 0x, (Au) — > aap eae oe 
t=0 j=o0 f=0 
We set: 
L*9 = 


For the function ¢, we may pose the Cauchy problem in the domain 
X)< Tp . The initial data for this will follow from the condition: 


e=0 xX)> 7p. 


The theory which we have developed above enables us to write for the 
function ¢ an integral identity of the form 


Bye = S,%, (20.41) 
from which the solution of the Cauchy problem may be obtained in the 
= By'S,¥. 


The operators B, and S, are analogous to the operators B and S and 
differ from them merely in that the roll of the direct and reverse cones 
have been interchanged, in connection with the change in the direction 
from the surface on which the initial data are given to the domain on 
which the solution is sought. If one considers that the variable x) denotes 
time, then the ordinary Cauchy problem consists in seeking a solution for 
a later moment of time for given initial conditions at the moment t=0, 
and the adjoint problem in seeking a solution of an equation at an earlier 
moment than t= To, for which the initial data are known. 
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Multiplying both parts of the equality (20.41) by an arbitrary function 
& which vanishes for x)< 0 and integrating over the whole space, we obtain 


3k42 2h? 


—_—— NwOuror~— 
fu feagae= ff... fesyae. 


Using the concept of adjoint operators, we rewrite this equation in the 
form: 


Soe 


2k +2 ok+2 
fi a f eBie do = f a fesia a. (20.42) 


The right side may be transformed in the following way. We substitute 
in it Y= L*¢. We will have, integrating by parts: 
3k+3 2442 


Canetti ——— 
fics fee: sie a2 = f ... f 2LSi@a2. (20.43) 


The unintegrated terms vanish because of the fact that the function ¢ 
and all its derivatives vanish outside of a bounded domain. 

Bringing both integrals in (20.42) to one side and combining them, we 
obtain using (20.43): 


2k+2 
f .-- f 2(Bie — L876] a2 = 0. 


This last equality holds for arbitrary ¢. From this, there follows the 
identity 
Bib —LSib =0. 


We form now the integral equation: 
Bib =F, (20.44) 


where F is the right hand side of equation (19.1). The operator By has an 
inverse. Therefore, this equation is always solvable, where 


= Bi” 'F. 
Replacing # in equation (20.44) by its value, we will have: 
F=LS,\B;'F. (20.45) 


This equality says that the function S{B; 'F satisfies the equation 
Lu=F, if the function F has continuous derivatives up to order & inclu- 
sive and vanishes for x»<0. From this problem by means of the change 
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of unknown function as we described earlier, we may arrive at the general 
Cauchy problem for sufficiently smooth F and with sufficiently smooth 
initial data. 

Thus, we have shown the existence of a solution for a linear normal 
hyperbolic partial differential equation with sufficiently smooth coeffi- 
cients and sufficiently smooth initial conditions in the case when the 
number of independent variables is even and is equal to (2k+2). 

9. THE CAUCHY PROBLEM FOR AN ODD NUMBER OF VARIABLES. The case 
in which the number of independent variables is odd, as is well known. 
can be reduced to the preceding case. 

Suppose for example that we need to find the solution of the equation 


~ oh 2k 
02u Ou 
20.46 
MLAs t Dag tea (20.46) 


=0j=0 i=0 


under the conditions 





ulz,=o = Uo (x,, Xq, ees Xon)s 
Ou (20.47) 
Bxo [agro E11 Xan + ++» Xan) 
and suppose once more that 
Ag > 0, Ayg<0, i 0. (20.48) 


We introduce another independent variable x».; in such a way that 
there is no dependence on this variable for the coefficients, the free term, 
or the unknown function. The equation (20.46) may be rewritten in the 
form 


2k otk 2k 

oo O7u O7u i a ; 
2 aad a 

_ - Ox,0x, OxXin4, | aed 


The equation (20.49) will again be normal hyperbolic but with an even 
number of independent variables, while A,, B,,C, and F do not depend 
on the variable x.,.;. 

By what has been shown, this equation has a solution satisfying the 
conditions (20.47), which may be interpreted as conditions in the space 
with (2k+ 2) variables where the right hand sides in this case do not de- 
pend upon xX». . 

The solution of this problem gives us an unknown function u which. 
as is not hard to see, in its turn does not depend upon x-;. Indeed, the 
equation which is satisfied by the function du: dxy.,; coincides with the 
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equation for u but the initial data for this function are null. Therefore 
du /OX,,;=0 is a solution of the equation. However, this solution is unique, 
as we showed earlier. Therefore, the solution u which we obtained has 
everywhere du/dX,,,=0 and does not depend on x.,,. However, in this 
case, the function u, as a function of the 2k+1 variables: X0,x),--+,Xon+4, 
satisfies equation (20.46) with initial conditions (20.47), as was to be 
shown. 


§21. Investigation of linear hyperbolic equations with variable coefficients. 

1. SIMPLIFICATION OF THE EQUATION. In the preceding section we estab- 
lished the existence of a unique solution of a normal hyperbolic linear 
partial differential equation with variable sufficiently smooth coefficients 
for sufficiently smooth initial data. The methods developed by us in the 
first chapter permit us to make a significantly more precise estimate of 
the order of smoothness of the coefficients of the equation and of the 
initial data which is needed for the existence of a solution. 

Suppose we are given the linear differential equation: 


£7] n n 
V O*u Vv Ou - _ 
and DO rn O54 OX5 Ty Oras, Sook (21.1) 
i=0 j=0 =0 
where A; =A,, B; are continuous functions of X9, X,,---,x, while Aw+0. 


In the following, there will be presented additional conditions imposed 
upon the coefficients A;;, B;, C and the free term F. 

This equation may be simplified with the aid of a change of independent 
variables. = 

We set x»=¢t and construct a vector field / with the help of the equa- 
tions 


Aoj 
i= a: (91:9) 
The system of equations (21.2) defines the quantity I 
We consider the system of ordinary differential equations 
Oa a: (6251, 95.2.25-m); (21.3) 


and let C, (t,x,,---,%,) ((=1,2,---,n) be integrals of this system. 
The system (21.3) represents the conditions in order that the lines 


Cy (t, Xy, -- +) %_) = const, 


be transversals in relation to the planes x»>= const. We set 
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y= C; (t, xy, eeeyg XJ). (21.4) 


In the coordinates t, y;, y2,-++,¥n, the equation (21.1) takes an especially 
simple form. In it the coefficients Ag; for the mixed derivatives d’u/dy,dt 
vanish. 

We shall prove this. As is well known, the coefficients for the mixed 
derivatives Ag, in an equation of hyperbolic type after the transformation 
will be: 


ac, ac; 
Agj = 40 ay + 00 -Fe 


tm 1 


By virtue of the equations of the system 


~ OC; dx) 
Ox, dt G+ - a 
t=1 


or on the basis of the ee (21.3): 


aC; 
Ox, ee ~~ 


t=] 


Taking (21.2) into consideration, we see that Ao; vanishes after the trans- 
formation. 
Dividing the equation by Aw= Aw, we arrive at a new equation of the 





form: 
atu n n 3? nm 3 3 
Ot u ~ du u 
7A —_— — — = F, 
on > a 9 Oy, Oy; Ra, th OL Cu 
We also set: , 
Feat (hat, 
use Q ca) 
Then : 
—f frat, —= frat 
eae Q - Use ; 
ot al Tv" Ot , 
t ié t 
3? Pr -—_— [ hat, F == f hadt, 3? = | hdt, 
Poe “0 ka Hee “0 ee “9 
ore hve +0 se 
t 
——> [rat 
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After this change in the equation. the term containing du, dt also van- 
ishes. In the following for the investigation of the general linear equation, 
we shall always assume from the very beginning that terms involving 
d°u/dx,at and du/dt do not appear in the equation. 

We consider the equation: 


— 32 FP 7 
us MAs5ny oar Na ttaca, (215) 


n mn 


at Ox, OX; Ox, 
t=1 j=) i=] 
where A,, B,C, and F are given functions of the point x), %2,.-+-.%,t. 
Suppose that at every point of space and for every moment of time: 
m7 nN mm 
aN Se 
A (p) =), SY Agpaeyee) be Ay = Ag, (21.6) 
(=1 fo—1 i=1 


where c>0 is some constant. 
We seek the solution of this equation satisfying the conditions: 


Ou ea in 
u|\,_9 = 40 (%4, Nor sees Xa)i or ‘age uy (x), Noy sey VAye (21.7) 


We shall consider two different formulations of this problem. 

2. FORMULATION OF THE CAUCHY PROBLEM FOR GENERALIZED SOLU- 
TIONS. Let 2 be a domain of the (n+1)-dimensional space of ¢, X,.---.Xp. 
The function u(t, x,,---,x,) defined on 2? and summable on every bounded 
portion of 2 is said to be a generalized solution of equation (21.5) if for 
every twice continuously differentiable function v on the whole space 
which vanishes outside of some bounded domain ?)’C2, we have the 


equality: 
ie f aLrvao = f ... f oF a9, 


where L*u is the adjoint operator defined in §20, item 8. 

The first formulation of the problem consists of the following. 

To find a generalized solution of equation (21.5) which, for every value 
of t, is an element of the space W3’’ while du/dt for every value of ¢ is an 
element of the space L,= W,, 

The trajectory in W3" and W, defined by the pair of functions uw and 
du/dt in this pair of spaces should be continuous and satisfy the initial 
conditions (21.7). 

We impose upon A,, B,,C, and F restrictions which we call conditions 
(o), or conditions for the existence in the generalized s Cauchy problem. 
These conditions are the following. 
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(1) The coefficients A,, are continuous, have first derivatives, and satis- 
fy the inequalities 





| Ag] <A; 


OA 
| Mile. (21.8) 











(2) The coefficients B; are continuous and satisfy the conditions 
IBI<A. 


(3) The first generalized derivatives of the functions B; exist and satisfy 
the inequalities 


ie 2 -\2 a — 
(f-- SINGER) + GH] * 2} < 
LAHSA Gey D cce (21.9) 


(We note that from the Imbedding Theorem and (3) there follows the 
boundedness of the B;.) The domain Q(t) in the plane x, x2,---,%,,t= 
const. is given in some way. The form of A(t), it is clear, depends upon 
Q(t). 

(4) The coefficient C satisfies the condition 


n 
1 


\ [ee (CRM aS PE Sa OSA. (21.10) 
~ g(t) 
(5) The first generalized derivatives of C exist and satisfy the inequal- 
ity: 


ne 


» 


so\r SAQA. (21,11) 





lel |” 


he = A(SIE oe 


(6) The free term F satisfies the inequality 


n 1 


lf i fireac}? <Fo <F, (21.12) 
where F is a constant. 


(7) The generalized first derivatives of F' exist and satisfy the inequal- 
ities 


ee > GE) + (Y a F< <FO<F. (21:18) 
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(8) The function 


uy) € we), (21.14) 
(9) The function 
u, € WS”. (21.15) 


To the question of the solution of the Cauchy problem in the first 
formulation, the following theorem gives the answer: 


THEOREM 1. The fulfillment of the conditions (0) is sufficient for the exist- 
ence of the solution of the problem in the first formulation. The solution in this 
case depends continuously upon the initial data together with its first deriva- 
tives in the spaces W3) and Ly. 


Before proving this theorem, we need to establish some important in- 
equalities. 
3. BASIC INEQUALITIES. Let w be an arbitrary function of the variables 


X1, Xo,-++,X,, t which is continuous together with its derivatives of second 
order. 


We introduce some inequalities analogous to the inequality (17.7). We 
consider a domain V in the space (x), X2,---, X,, t) with boundary surface 
S. Then from the Gauss-Ostrogradsky formula: 


f ‘ ; ‘ (> > Agge get (Ge) | costt— 


n n 
ow dw 
=2.) NVA * cos nx, }dS = 
‘SOx “Or ¢ 
= oy oe (21.16) 


nn n 
ow 7 Ow ow 
=) = earl Ave = oat 


f=1 j=1 


pa ow ow OAy; Ow dw 
+3 Dy Or Oy Ox; =< Ox; am arpa: 


t=] jee] 
Such a transformation is possible because of the differentiability of all 


the functions appearing in the form. 
If on some part of the surface S 
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mn a 
a > > 3 
> > Ajj; COS NX, COS NX — cos? nt <0, 
= refi 
then on it, the sign of the quadratic form: 
TN, ow a aw)? TU, awa 
Se ©! Ww Ow w > w ow > 
| 40 aay ox + (Gr) ]eosme—2 YS Agee Gr 008 te = 
t=] j=! t=1j=1 


ow > > > 
= = y S Ay( 2% cose —22 cos ti xs) (Se cos mt — Fp-cos nx,) + 


cos nly fy 





2) n 
cos? nt — > >d Asj cos AX; COS nx; 


se NS (21.17) 
3 cos nt ( ot 
coincides with the sign of cosnt. 
We consider a domain S, in the plane t=0 and let (S;, [0, T]) be the 
cylinder constructed over S,; and bounded by the planes t=0 and t= T>0. 


Weset c;=n- max, |A,| and construct through the boundary of the 
| 


domain S, the iat cone S; (Figure 12) so that on it 


cos? nt > 





C. 
Pepe.” 
The truncated cone lying in the cylinder (S, [0,7]) is called the funda- 
mental domain and is denoted by 2*; the upper base of this cone is de- 
noted by Sy». 


Figure 12 


Then on the surface S;, the quadratic form will be positive, since on it 
cosnt>0O, and 
n n 2 
> > > > > 
», >> Ay Cosnx,cosnx;—cos?nt < cy > cos? nx, — cos? nt = 
mel J=1 t=1 


> > > 
=¢, (1—cos* at)—cos? nt=c,—(1-+-¢) cost nt <c,— (1+ 


Cy 
Mya, O: 
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From this, we obtain the inequality 


f “Std 3 Ui, ow ow , fw 


2 
Di Asse az + (Gr) \as< 
i= ral 


ef ft are ow Ow 


Ow \2 
ceo ls 
wt med OX, Ox; + (57) \as 
§; i=) j=l 


+f Std Yo OAij Ow Ow, . 
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ae 0A;; Ow dw 
ON 
mide on tap Fo Di Be Tr Tie 
Q* =1j=1 i=lj=] 
dw 


which is analogous to the inequality (17.7) obtained earlier 


We denote by Q(t) the intersection of the cone 2* with the plane ¢= const 
Suppose that for the function w we have the inequality 


f (Lw)dx, ... dx =L() <L. (21.19) 
2 (t) 


Then we may estimate the integral over S, in the equality (21.18) 
the following way: 


Rr n 
: oy ad OF Ox, 9x; 


and heed OX; oF Of 
=1 j=1 t=1 j=1 


a 
wpe eflas. 5S Siesta 
+20 D9 |S [ +3 [SF [ice] ania 


dx, \ dt < 
T 
<6 FS ==. S[N GE) + CY + 2] fice] 
dx, ... dx, | dt,. 
We set: 
feaitiNt (Se) +(BYy] a2 = 4, (ol). 
& (t) i=1 


(21.20) 
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Obviously, from (21.6) and the condition |A,| <c,/n, we have: 


Ky (t]w)<| f ve ee) Aus ae + (a) fax ee fo ee 


2(t) t=1 j=1 
< CLK, (t| w). 


If we also take into account that 


een “|| Lwl ax, L.. dkp 


2: 
<(f-..f |G2fen - an) f eu eine aS 
2 (tt 


1 


oti by 4 PK, (t| w)* 
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(21.21) 


IN 


we obtain from (21.18) 


t 
Cok, (t| w) <CoK, (Ol w) + C, f 1K, (4,1) — 
0 


1 1 
+ Ky (t, | w)2L (4)? ) dt. (23,92) 
For our purposes it is necessary to derive another inequality. We set 
. f wrdx, ... dx, —=Ky (tlw). (21.23) 
2 (f) 
It is obvious that 
Kg (4, w)<{ Gs f w(t, i pGtaty) Ay Mae Otay 
2 (t) 
if t; >t. Therefore 
an |< a fo WL, Xy, e+e, XI % 
aes : 2 (t) 
Key... dey] = 2) [wo pes dK, < 
fosh 
2 (t) 
: 2 
2 ow \2 ‘|2 
<2 f ... f wrdx, es dxn| [fof Ge dx, ... dx, | x 
2 (t) Q(t) 


1 _ 
K<2Ky (tl w)|21K, (tlw)? 
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Then: 


t 
Ko (tlw) = f Ko (tw) dt, + Ko (0iw) < 
0 


f 1 1 
<Ky(0] w) +2 f [Ky (4) w)/FIK, (t,|w)}2d¢,. (21.24) 
0 


The inequalities (21.22) and (21.24) are basic for the following. 

4. A LEMMA ON ESTIMATES FOR APPROXIMATING SOLUTIONS. We now 
prove a basic lemma. We consider an equation satisfying the conditions 
(o). 

We replace in it the functions A,, B,;, C, and F by their averaged values 
Ayn, Bu, Cy, and F, with respect to x;, X%2,--+, X,, t, and the initial data 
Uo and u, by their averaged values Uo, and uy, with respect to x,, X2,°-+, Xp. 
The new equation will be called the averaged equation. 

The new equations with the new conditions have solutions u,, as shown 
above. 


We form for these solutions the integrals 


Ky (tins *, (¢] 4),) 


and 


Kselon=f-- fLY S (a9) Na+ Ge) Yeo. 


Q(t) “imel j= 





Then for the functions K,(t|, us), K,(t|, u,) and K,(t|, u,), we have the 
inequalities 


[Kz (t)4,)|<y;(t) i=0, 1, 2, ... (21.25) 


where y,(t) are the solutions of the system of equations: 


dys s. 
dp 

1 

> 21.26 
dy, ] 1 ( ) 





= = M (ye + y? + F(t); 


ae = =M (ye 91 


THEORY OF HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS 205 
for the conditions 
Bi) eee y CK, (0 | u); 
Vi tao = CK (0/4); Gren 
Je ae a CK (0| u), 
while the constant M and the function F(t) do not depend upon the radius 
of averaging h. Thus, Ko(t|, u,), Ki (t|u,) and K»(t\w,) have estimates not 


depending upon h. 
For the proof of the lemma, we return to the inequality (21.22) and set: 


n 
Lw = F(x), Xe 2 Xm O— VBS — Cw, (21.28) 


i=1 


where the B, are continuous and bounded 
|B, | <A, (21.29) 


and the function C satisfies the inequality 


1 


[ f i ficrtacl**<ainca, (21.30) 


and suppose in addition that: 
1 


[ f har f Pes Koy at Rep EE, Ses dx,]'=FIO<F. (21.31) 


Q (t) 


In that case, the quantity Lw may be estimated without difficulty. We 
shall have in the domain 


Loe, <I F le, +{D age [thw ts: (21.32) 


It is obvious for this that: 


w || as 





Fm FO <P: |S Bah, <4 
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For the estimate of || Cw'l,,, we use Holder’s inequality and Minkow- 
ski's theorem. We have 
1 1 


on fremnenfic[f -. flereaP x 


2 (t) 


(21.33) 
di fier rea oe as 
2 (tf) : 2 
<AIK, (tw)? + Ky (tw)? |. 
Or finally 
L(t)h< Cy IK, (#10)? EK, (tw)? + FW) (21.34) 


where C is a constant not depending on w. 
Setting this estimate in the imequaHty (21.22), we obtain: 


K, (ti w)< chk (lw) +b f Kt | w)? [Ky (ty tw)? + 


-K, (t, 12)? + F (¢,)) de. (21.35) 

Together with (21.24), we obtain a system of inequalities from which it is 
easy to estimate the functions Ko(t|w) and K,(t|w). 

We denote by yo(t) and y,(t) the functions satisfying the system of 


equations: 
ke a 1 


Vi) =L,K, (Ow) + Le f yt [yo + y + F] dt, 
0 
tan (21.36) 
Io) =Ko(0]w) +2 f yo yi dt,. 
0 


It is not hard to prove that it is always true that: 
Yo(t) > Ko (tlw), yi () > K (t}@). 
Indeed the functions \) and ¥, may be found as the limits of the in- 


creasing sequences: ¥"" and 44” defined by the formulas: 


yo”) are (n—1)5 (n—1)= 
=L,K,(0|w) +L, je ( *+y 7+ F)dt; 


t 1 
8" = KO) 0) +2 f yn yo * dt, 
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if for the first terms of these sequences we take A,(t|w) and K,(t|w). Our 
estimate is proved. The functions yo and y, are solutions of the system of 
differential equations 


1}: 
Jo= 20 Ya (21.37) 
ee 
Yi = Leyi (Yo + yt + F) 
Taking for new variables y4 *=2, and y} =z), we obtain: 
2 =2,3 
ey =e -2(ztz2,+F). (21.38) 


It remains for us to estimate K,(¢|w). 

We form the new equations for the functions u=du, dx, w=du, at. 
Differentiating the averaged equation (21.28) with respect to x, and f¢, 
we have: 














n x n . 
L oe — Oh v NY ies os VB. Oe = 
Ox Oe: wed md OX, OX, OX, mad 2 Ox. OX 
i=1 j=1 ‘ J i=l : : 
__ v OB, Ou Ou OCH 
wd Ox, OX, 7h Ox, esas 0x, 
i=1 (21.39) 
° n 
y ote On _, v OA ln Vy Ot 
ot “OL wed ol «OL OX; OX; aed OX OL 
i=1 j=1 i=l 
2) 
OB dup C Ou), dC), 
Ot OX; not hot | 
= 


We now set: 


Kw=f...f[Y SS) + 
2 (t) t=1j= 
+ U(r) +(e) 2 e140 
{=1 


We may easily estimate the quantity K,(E|w) with the aid of an appli- 
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cation of the inequality (21.22). Applying this separately to each deriva- 


tive and noting that 


NK («| Se)tK(E So) — K,(t\w), 


we obtain 
t 


Ky (t| 4.) < CoKQ(0| uy) + C, f {ke (t;,|w)- 
baat 3 0 


1 n 1 1 
= Ke (ft, | w) ? | pS (LZ, (¢;)]? + Lo (.) || at 


where by L(t) we denote || L(du,/0x,) |l_,, and Lo(t) = || L(du/at) |, We ob 








tain: 
| mm n FY Tl 
OF yh aN N Un Ou», 
[L(AI< Selb TA —_ at Bx; 05; |, zh Ox, Ox, Ox, ok. 
= j=l : : 
a i OBin up { ae | Sth ' Ch 
a I | Ox: Ox, Ih Oh Ga o| + (2 Ox) 





Estimating ||dB;/dx, du,/dx;|| and || C(éu,/¢x, || as above, we obtain: 





28 8 CCAD IKE) ELK Clg) th @L40 
Ch ae < CA (t) [Ka (t| up)? LK, (ta) 31 (21.42) 





| 


Finally, for the estimate of || (@C,/dx,) u,||, we again use the Imbedding 


Theorem. We will have 
me 2 


Sk.<[F Ma)” ef 


dx, “4 


| 


2 


KL fee flag EO a TCA (OLUal ger < 
2 (t) 2 

4 1 1 (21.43) 
SA (t) [Ko (41 ay)? Ky Ct] ay)? + Kp (| ay)? ). 





Gathering together all the above, we obtain 
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: 1 a 
Ky (t| Up) <M, { Ke (0 | un) + f Ko (tL an)? Ei (4 Ltn)? + 
0 
1 1 
Ky (ty | Un) 21 Ko (ty | Yn) 2h. (21.44) 


We set again: 


: 1 a 1 
yo(th=™, [Ks (0| 4,) + fr (4)? 1¥o (¢,)? +y, (t,)? + 
0 


1 


+ volt)? + F (4) | at (21.45) 
Then 
Ko (t| 4) <ya(¢). (21.46) 
For y2(t) we have the equation: 
1 1 1 1 
¥,(O= Myo (7 ly? + yZ ++ (OI) (21.47) 


1/2 


Setting y,;/“=z, (t=0, 1, 2), we will have 
22 (eot att), (21.48) 


from which we conclude the uniform boundedness of the function z, satis- 
fying equation (21.48). 

The lemma is proved. 

5. SOLUTION OF THE GENERALIZED PROBLEM. We pass to the proof of the 
basic theorem. 

The sequence u, by our estimates will have a bounded integral for the 
sum of the squares of all second derivatives in (n+1) variables. In other 
words u,€ L?’, while || u, Be <M, where M is a constant not depending on 


h. From the uniform boundedness of || u, Ie and ||u, lb, we conclude: 
2 


1 uy, | Ww) < M, . (21.49) 


By the Imbedding Theorem, u, and its first derivatives are compact in 
W;” on an arbitrary n-dimensional set t=const., while the values of these 
functions considered as elements of W%’) and depending upon ¢ yield an 
equicontinuous family of continuous trajectories in W3. 

Consequently, from the u, we may choose a subsequence converging 
uniformly to a trajectory, continuous in W$”, together with its first deriva- 


tives. Passing to the limit in the inequalities (21.25) and using the theorem 
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on the existence of generalized derivatives, we obtain 


Ky(tluy<yo (Os Ki(tlu)<yi (9; Ko (tla) <y2(O). (21.50) 


We denote the limit function by u. The subsequence u, obviously satis- 
fies the integral identity 


f 1+ fayLiv dQ at= f... f oF, a2 at, (21.51) 


where v is an arbitrary function of the variables x,, x2,---, X,, ¢ continuous, 
together with its derivatives up to third order inclusive, and vanishing 
outside of some domain V, lying completely in the interior of the domain 
0<t<T; a(t). 

By Liv we denote the operator adjoint to the operator Ly. 

Passing to the limit as hR—0, we obtain: 


f ph f aLee dQ@dt==[... [oF ae dt. (21.52) 
Q(t) 2 (t) 
O< ter O<t<T 
This equality, by the definition, says that the function is a generalized 
solution of equation (21.1). 

It is easy to see that this function satisfies the initial conditions. 

The continuous dependence of the solutions upon the initial data is also 
proved without difficulty. 

If F(t) is sufficiently small and Ko(0|u) and K,(0|u) are small in their 
turn, then the functions y(t) and y,(t) will be small. By the inequality 
(21.25), there follows the smallness of Ko(t,|u) and K,(t|u). 

The theorem is proved. 

The Cauchy problem is solved in the first formulation. We pass to the 
second formulation. 

6. FORMULATION OF THE CLASSICAL CAUCHY PROBLEM. We shall seek a 
solution of equation (19.1) with conditions (19.3), having everywhere in 
our domain continuous derivatives of second order. 

On the coefficients A,;, B,, C, and F, as well as upon the initial condi- 
tions, we shall impose some further conditions, which we shall call the 
conditions (n). 

The conditions (n) are the following: 

(1) The coefficients A, and their first derivatives dA,/dx, and dA,,/dt 
are bounded: 
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0A; ; 0A; | 
7 |< Ay lye, | eae (21.53) 


(2) The derivatives of Aj, of order 2, 3,---, k; satisfy the inequalities: 


ed Saree 








| Aj; | < A; 








2 (tf) 
Ne t—1 
aA, ; 2 \i-7 ne 
<4 ao| <A 
ar’ ax,' osts Ox,” oe (21.54) 
ee ky 


(3) The coeflicients B, are bounded functions 


IBA<A. (21.55) 
(4) The derivatives of B, of order 1, 2,---,k,— 1 satisfy the inequalities: 


(f--- {Mamma 


0B; a7 0 ute act 
x =e | ao ex (21.56) 
gs | 

(5) The derivatives of C or orders: 0, 1, 2,---, k;—1 satisfy the in- 
equalities: 





ac t+1) mte 
x Gre ae | <4. (21.57) 
Or’ x, ... Oxin 


1 
Vo? or \Q z 
ee Utter Ocrreeerrs ua) x 
n 


2 (t) 
<FO<F, (21.58) 


where Fis a constant. 


(7) gE WI*), (21.59) 
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(8) u, € Wie, (21.60) 


We may now state the basic theorem. 


THEOREM 2. In order that the Cauchy problem should have solutions which 
are continuous with all derivatives up to order m it suffices that the conditions 
(n) should be satisfied for 2k,>2m-+n, U.e., for 


h>mpi+[s. 


The proof of this theorem is based upon the application of the Imbed- 
ding Theorem and the use of the same inequalities which enabled us to 
prove Theorem 1. 

For m=2, we obtain the solution of the Cauchy problem in the second 
formulation. 

First of all, before passing to the proof, we make some remarks. 

It is convenient, just as we did in the proof of Theorem 1, to construct 
the averaged functions for A, B,, C, F, uo, and u, and form the new equa- 
tion 

a 
Ly, =F,— Base said. (21.61) 


t=1 


for which we seek solutions under the conditions: 


uy a = Un, | 





= Uyp. | 
t=0 


Together with the equations (21.61), we consider all possible equations 
for the functions: 





Vay, a, 0... ph = olin : (21.63) 


We will obviously have: 
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O!F,, 
LyUq » arrrt ay —= @ om : = 
OL” Ox, dx,” 
7) ”m 
V loka Ba 3y ~~ ei! oe Ay jn x 
pee La By Ty an) Zo Lu 3 Bs 5 8, 3 3, 
Vbca fet jai Of 1 <n 
n 
x sSNA, v 03 Bin 
79 = 2 iB mBorrn rr 2a Z 3, A 3 
at* a ax; ; one ii Ox, Ox; = ard ' : ax,” 
o'-Btly,, ea OBC, 
f + a irae v 1 3 
are tg Patan ae, ath axtt ... ait 
o'~B (t) 
x a = Pa, ...0, (21.64) 
ot Ox, ay 


where Co {1 °= are binomial coefficients. 


We introduce some notation. Let 
6 Q 
2 (t) ya, wt! axa OL OK, 222 OX 
7. A LEMMA ON ESTIMATES FOR DERIVATIVES. Because of the fulfillment 
of the conditions (n), the functions u, satisfy the inequalities 


K, (tl 4n)<y, P= 1,2,--- ey, (21.66) 
where 
a ic ae , 
Oe a Mie + yP+ oe tot F(O (21.67) 


M is aconstant and F(t) is the function standing on the right side of the sixth 
condition. 


For p=0,1, this estimate was established earlier. We pass to the proof 
of the lemma for the remaining p. 


First of all, we estimate || ¢ ee 
ag. apse saty tLe 


We will have, using Hélder’s inequality: 
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aC a a'-3 u, 270] 
Jo=| * ( 3,. 23 3 ye By 374 7oE a sn) 42 < 
o(t)” ‘Of Ox," ax,” Of 9 dx,” 
; nas o+1 
eC ati jy nte 
a} | dQ sé 
7 eee) at” ax’! ax” f 
1 
13st 2 u3tl 
{—3 2 m+e 2 me 
ee |e ee) |e 
ej OFF Oxy te Oe, 
1 
aE te ms a Ons 
[—3 2 +e 2 +s 
AY fis, [fs nn a 068) 
0 OR". Oe. . bake Ome 


On the basis of the Imbedding Theorem, we may estimate the last integral 
by the norms of derivatived of higher order. We will have: 


oj 


1 1 


Jo <A [Ko (t] 4)? 4- Ky (tay) 7+... + K, (Ea) 2]. (21.69) 


Analogously, we obtain the estimates: 
= Ai; a 
ja=| f ek J a. h +) x 
Q(t) OL" Oxy «6. OX, 


Oey 2 
x aa ) —x) a2 < 


oo Sk O% 
t 1 
t 
SAN Ky (El u,)?. (21.70) 


7=0 


n= f J(*_,'x 


BGA” OPS Oe sae 
, l 1 
, get), o> a E 
— er 2 nae 
x Lape ee et a) | <A Ky, (tu) : (21.71) 
™ 1 eee . 


n f=) 


Gathering these estimates together. we obtain: 


I 
of v 3 sue 
I Bye Fis sant, SAKA Kand Ky (t/uy) ’ (21.72) 


t=O 


THEORY OF HYPERBOLIC PARTIAL DIFFERENTIAL EQUATIONS 215 


where K, is some constant. 
Returning now to the inequality (21.22), we set in it w=v,,....,, and 
sum over all derivatives of order /. We get: 


co K, (El Gen: 7 ne Cy >, K, (0 |va,, a, Bere a 


Ae ya=l 


t 1 
4 Cf {KC 1 Pep cuensen) EK (tr Mareen)? IO. oenllh a 
0 


If we use the estimates for |" || and the fact that 


y Ky (1004 req) = Kits (41) (21.73) 


a 
o_ 


we will have, finally: 
ite 


Kiss Clty) <M [Kies Olt) J Kiss ltn)® (3) Ke (hy Jay? 


+F (4) } a2] 
i= 1,2,...,28:;—1, (21.74) 


where M is some constant. 
From this, as in the preceding, setting 


Vii, ) = M [ess (0) + fo (¢,) ? “(3 Det)? P+ F(4)) de], 
we may prove the inequalities 


Kiss El 4a) Sai (D- (21.75) 


For the functions y, we obtain 





1 1 I 1 
dna? Ml y3 +y? BP cps, ty, +r]. (21.76) 
The lemma is proved. 

8. SOLUTION OF THE CLASSICAL CAUCHY PROBLEM. We may now prove 
Theorem 2. 

We consider the sequence of solutions u, of the averaged equations with 
averaged initial conditions. 

These functions will have bounded integrals 
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Kp(t|us), p=0,1,---,m41+4+[n/2], 


and consequently, bounded norms in the spaces WY’, from which there 
follows their uniform boundedness and equicontinuity as functions of the 
variables x,, Xo,--:, X, for fixed t together with their derivatives of order 
up to m inclusive. 

The derivatives of order m+ 1 on the basis of the Imbedding Theorem 
will, as functions of x,,---, x,, lie in the spaces 


1 1 [3 | 


Ute ae oe ag 





n 
m+1 
| a ° a = a I. * << A, 
at On eon, 4 
where A does not depend on h. However 
n {1 : ‘ 
| if n is even 
n n—]1 1 Ti ox ‘ 
| on Don if n is odd 


and as a result 


which means that for n22, we may choose qg* so that we have 


1 
n+1° 





1 
7 < 


Thereby it is evident that the derivatives 9”*!'u,/dtdxq}---dx%" will have 
bounded norms in L; in the space of dimension n+1. 

Consequently, it is obvious from the Imbedding Theorem that the de- 
rivatives of order m of u, will form a compact subset of C not only in the 
n-dimensional but in the (n+ 1)-dimensional space. 

We choose from this set a subsequence converging uniformly together 
with all derivatives of order m, and passing to the limit on the averaged 
equations 


Lut =F, — YY Boa $8 — Cay, (21.61) 


we obtain our theorem. 
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It is useful to note that the inequality (21.75) proved by us for us, re- 
mains true also for the solution u. This follows from the theorem on the 
existence of generalized derivatives (cf. §5, item 2). 


§ 22. Quasi-linear equations. 


1. FORMULATION OF FUNCTIONS OF FUNCTIONS. Let A,(t, X1,---, Xn), 
Bi(t, x1,-++, X,) ((=1,2,---, m) be 2m continuous functions defined on some 
domain Q of the (n+ 1)-dimensional space of (t, x,,---, x,) with A;<B;. By 
D we denote the domain of (n-+m-+1)-dimensional space (t, x1,--+, Xn, 
Yiy-* +, Ym) where (¢, x1,-++, X:) EQ and A; Sy B;. 

We shall say that the family of m continuous functions y;= n,(t,x,,---,Xn) 


(t=1,---,m), defined on Q belongs to Dy if A; Sn; SB,. 
In the following by Q(t) we shall denote the domain of the n-dimensional 


space (x,,---, x,) which is the intersection of 2 with the plane ¢=const. 
We consider some bounded function 
® (f, x1, ea | Xn> Ji ove ey Ym) (22.1) 
defined on the domain D. Suppose the function # is continuous and has 
continuous derivatives up to order / with respect to y, Y2,°°°, Ym! 
ore 1), (22.2 
D5,,.... 8m = 8, Ps a? (0 <B=8,+Bet+.--+8m<l), (22. ) 
Oy, OV «.. OVE, 


while the functions 4,,....,, have generalized derivatives of order with 
respect to t, x,,--+, x, for each fixed choice of values of y;, y2,°++, Ym- 
Suppose now that 2 is a bounded domain. We shall say that the func- 
tion @ has property T (or 6€T) if: 
1. There exists a number p>1, p>n/l such that the result of substi- 
tuting in the function 


OD, | 


tees Bn dy, a a 
ae Geet fae )) 
atax" ... axin Bus soe Sem “ 
an arbitrary system from D, in place of y;, ¥2,-+-, Ym iS a composite func- 
tion of (t, x,--+, x,) such that for each fixed t, we have [@)). 4 "| ,.e,© 


Loi cli on Q(t) if !2a>1—(n/p) 


Fey Typ oo Toy a 
eae page a<i——. (22.3) 


2. There exists a constant A, such that 
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Tor Ty eer, Oy + a as 
J ay JRF: Or Ean 1a sad dx, < Ag , 
Y(t) A 
if Ipa>l—F (22.4) 
oy 2p ,4 4, , _ n 
| bn eee Bon jane << Ao, if a < l - ; 


where the constant Ag depends only on the choice of the domain 2 and 
does not depend on a, 8, or on the choice of the family | ;{CD,. 

In the case a=/—(n/p)[g0.1"5- en], EL, where g>1 is an arbitrary 
number and the constant A, depends upon the choice of the number q. In 
the following, this case as well as the case a</—(n/p) will not be specifi- 
cally mentioned, which will lead to no misunderstanding if wherever 
((1/p) — ((l—a)/n))~' appears it is replaced in these cases by an arbitrary 
q>1. Obviously, if & has the property T on 2, it has that property for 
every 2,CQ. 

The simplest example of a function ®€T is given by a polynomial in 
the variables y;, y2,--+, ¥m with coefficients depending on f, x),°--, Xp 


DG. Me bee hei eo Va) 
= N 14) 1 
ecw ty he Xp eee SIME cee Vins 


if the coefficients a , are such that 


ye 


a, 5 
ey? ine). 





We now consider a (n+k+1)-dimensional domain D, of the space 
(t,X),+++,Xn} 21,22,°+*,2,) analogous to the domain D, where (t,x;, X2,++-,Xn)€ 
Q. Let 


DES OG Ries ee Rak Sees Se CS Bae an) (22.5) 


and assume that y,CD, if {z;}GD,. Then, setting (22.5) in (22.1), we ob- 
tain the new function 


MOE, Risto? Mah yas be On a hay Sly ee Oy): 
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THEOREM. If the functions (22.5) have property T, then the result of sub- 
stttuting them in the function © having property T, is again a function having 
that property. 


This theorem is evident if @ and the ¢, are polynomials in y and z. It is 
not hard to prove that if we consider a polynomial in y.---,¥m_ and replace 
the y, by the polynomials in 2,, with coefficients depending upon 2X,x,,.++> 
--+,X, In the fashion indicated above, we obtain a new polynomial of the 
same form. 

We prove this theorem in its general form by estimating a norm for all 
derivatives of W(X0. X,.5°+.Xn, Z1.°°°.24) With respect to 2 in the correspond- 
ing space L of the variables x,, x2.---,x,. We turn to the proof of the theo- 
rem. 

PROOF. Since the ¢, have property T, for z, in D, the inequalities 

1 





foes a i= 
f oe ( Oe, )] pn x 
SD Lact ax 2... ax%n \azPazes 22. az!n ; 
2 (2) 0 1 n 1 2 n 
1 
Me™ l—oa 
dx, 0Xg 22. dX, <— Bo? (22.6) 
hold. We set 
: Y 
Ve, By ess e = Vi er A, (2%), (22.7) 


8, = > 81> 8, 8B cae 1 b 1 
dzvdzt ve OZER pe ON ees Oytm 


where A,(¢,) are polynomials of degree y in the derivatives of the func- 
tions ¢; with respect to the z, of order 6—y. We establish the validity of 
the inequality: 


eee | 


Q(t) 
<NAo (BE BIT? FI) MAc(1-+ B89), (22.8) 


where N, and Nz are constants not depending upon 4¢j. 

For the proof of (22.8), we introduce the concept of the inverse index. 
We shall say that the function ¥(x), x2,-++.x,) defined on some bounded 
domain D, of the space (2,, %2,--+,X,) has the index \ (0<A <1), with the 
bound M on D, if 


| dell’s,,..., By 


Ox Ax 1... Axen 
0 1 nm 





ix firPao,p< M. 


D, 
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The following properties of the inverse index are obvious: 

(1) The sum of two functions ¥, and y¥ with the index \ has the index 
with a bound equal to the sum of the bounds of both functions (which 
follows from the Minkowski inequality). 

(2) If y has the index \ with bound M, then it has every index \,>A 
with bound KM, where the constant K depends only upon the domain D,. 

Indeed, from Hdélder’s inequality, 


1 


j.. fiat < <(f-. Ji Pa 2} (f--. fao,] *<Kath 


(3) ee a function a bounded multiplier does not disturb the 
index, while the bound is changed only by multiplying it by the maximum 
absolute value of the multiplier. 

(4) If we have the functions y¥,¥.,---,¥, with the indices dj,---,A), 
where \,;+A.+---+A;<1, then the product y,y.---y,; has the index equal 
to the sum of the indices with a bound equal to the product of the bounds 
of the factors. 

The proof follows from Hdélder’s inequality: 


1 
fo fig. yee ade, < 
; oe 1 1s 
< rr res d is a rs 
<( - ynae, | ial =e Iti 'd2, | : 
fos fata, fo. falta 


From (22.6) and (22.7) it follows that for every differentiation with 
respect to x; and ¢, the index of the functions 5,...5, and $1.5)3)..--3m 
d°¢;/dZ\!..- dz" increases by 1/n. 

With the aid of the concept of the index, we may, without special dif- 
ficulty, prove the inequality (22.8) for continuous functions. Indeed, 
suppose that for derivatives of order 8 the calculation of the indices and 
bounds for the polynomials (22.7) shows the correctness of (22.8). We dif- 
ferentiate (22.7) with respect to x;. In doing this, we differentiate either 
,,,...8, oF one of the derivatives of ¢;. Each such differentiation increases 
the index by 1/n, while the bound is multiplied by a constant not depend- 
ing respectively on Bp or CBp, if the differentiation of 4;,...,, is carried 
through by means of the auxiliary functions. By virtue of the fact that the 
bound of the sum does not exceed the sum of the bounds of the summands, 
we obtain the desired estimate. Thus (22.8) is established for continuous 
functions. 
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We now assume that the derivatives of $,.5,...,, and @ig,....s,, exist 


only in the generalized sense. We construct the averaged functions with 
respect to X,,X9,--+,X, for the functions # and ¢;. Let these averaged func- 
tions be , and ¢;,. For the functions &, and ¢;,, the estimates (22.8) are 
valid. Obviously we have the formula 


8 8 
ee ee A (22.9) 
yh ayts ae dy'n 4 = Fh dy! aoe dytn Y,=9;. 


Applying the theorem on the criterion for the existence of generalized 
derivatives, we see that for the function ¢, the theorem and the inequality 
(22.8) remain valid. 

2. BASIC INEQUALITIES. We consider the quasi-linear equation of second 
order 


n n 
% ; Ou du ou) Cu Ou 
Y NAag(s tn os Mab Sp Sap 0 diag) Txday IA 
i=1 j= 
: Ou du Ou \ 
Fy, Xyy econ Xyy a, Or’ Ox,’ oc) Ox,/ (22.10) 


where the A, are assumed to be continuous functions of all their argu- 
ments and A;;= Aj. 


We set 
Ou Ou __ Ou 
You, JO Fp Yi on 0 Yn Fx (22.11) 
We consider the quadratic form 
mn 
a 
> a Aig (ty Xi eee) Kus Vs Vor Viv so 0s Yn) Gib 
t=1j=1 
The equation (22.10) is said to be a quasilinear hyperbolic equation on 
some domain D* of the (2n+3)-dimensional space. (t,x,,-+-,Xn} ¥,¥o¥i-' 
--+,y,) if the quadratic form is positive definite when (t,x),-++,%n3 Yo, 
Yur? Yn) ED*. 


Then for every domain D, lying together with its boundary in D*, we 
»may find c>0 such that 


pap Aisi; > c y te 
We assume that the domain D contains some domain D° of the plane 
t=0. 

Let uo(x,,---,x,) be a continuously differentiable function, u;(x,,--- 
-++,%,) a continuous function, both on some bounded domain D, of the 
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space (x,,---,X,). If for all points of this domain, we have 


Ou 7) 
ea Dish Rk nk dhe See = oe sa?) €D° 
5 Xn 


and if, in addition, there exist 6,>0 and 6>0 such that 


(bisa soy ye De Vou Wy easy Peay C Ds 
if 

OP Oe Hig bie ee Oe 
and 

|y— ol <2; Lo — a | <8; 


. Ou 
<0; ees, | | —-~ 
Va ie. 


Le (22.12) 








we shall say that uo(x,,--+,x,) and u,(x,,---,x,) are permissible boundary 
data. The inequality (22.12) defines the set D,. 

Let c,>0 be such that max|Aj,j| <c,/n if OS¢tS6), (x,.---,x,)ED,, and 
(¥1, Yo. Yiv°+ Yn) ED,. Then just as in §21, item 3, we may construct a 
fundamental conical domain 2*, the construction of which is determined 
by the choice of c,. We pose the problem: To find a twice continuously 
differentiable solution in 2* of the equation (22.10), satisfying the initial 
conditions 

it lp9 = Uy; ou ap ee (22.13) 

THEOREM. [f the functions Aj; and F, as functions of the variables t, X,,--- 
-++,x, with parameters Y, Yo, Yis*** Yn, Satisfy the condition T on the domain 
Q* for p=2 and 1=[|n/2|+2, while the permissible initial data satisfy the 
conditions 


l 
Uo € wat, uy€ we, 


then we may find 6.>0 (O<6.$6,) such that on that part of 2” where 0S 
{ S6y, there exists a unique solution u(t, xX,,-++.X,) of the equation (22.10), 
continuous with its derivatives of second order inclusive, satisfying the initial 
conditions (22.13). In addition, uG W$~" on each plane t=const. (0 <t<6,) 
and (u,du/dt,du/dxX,,---,du Ox,)ED,. The number 6; depends upon the 
choice of uy, and U,. 


We pass to the proof of the theorem. 
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By virtue of our conditions, A, and F will be continuous functions of 
the variables t,x,,---,x,, taken from Q* with parameters y, Yo,¥1,°°°.¥n 
taken from D, and having continuous derivatives up to order [n/2]+2=1 
with respect to the parameters y, y,---,¥,. Let 2(t) be the intersection 
of 2* with the plane t=const. (0<tS6,). 


Set 
Ag So aa Orasy 
J = a a a 
acy Ou? ou \" Gu \°n 
ou (Fr) 8am) 2G) 
Fe A) %% — o°F 





aloe sf oa Ou \tn’ 
au a() a(5) os 0(sS) 


Then, after a substitution in Aj;*""“" and F°°“°"""" of arbitrary func- 


tions from D,, we have the inequalities: 
1 


ao a 


Y Far Fy veer @ i 
Eee) ec : mS 
BE Ox ae Ox 





Q(t) 
a a 
By) n 2 
x 42,| <8; ee 
1 
{ 1 les est 
gt F™™ Gy coos Ay ao ee 
| i _ | 6) th | x 
aah OL 0X) aay OX, 
n 
Pers aes 
x ao,,\7 ee ee (22°15) 
"Xn, 21, 


Ifin A, and F, in place of y, ¥o.¥1,--+.¥n We set functions y;(t, x,- 
-++,2,) having derivatives of arbitrary order y <|n/2|+2, integrable to 


the power ((1/2) — ({(n/2|+2—-)/n) ', then by means of (22.8) from the 
theorem on functions satisfying condition T, we obtain: 
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aA Be, Aye Bireeee an 1 [s)+2-1 i = 
3 n 3 =o ape ae 
soon ff SF Ea 
beee FS 


Q(t) 


<MB[1+L(4)'); (22.16) 
1 
Fue dor Ein eeee By Fit Gr aaa pla) 
Pimmex| [ {ie ; ar n eo}? n os 
Ot dx;'.. ox jn 
Q(t) 
<MC[1+ L(t), (22.17) 
where dQ=dx,---dx,; 
1 
1 at 
L(ij= ) ee ; 
< zs ore Oe 


0O< XS apaae [+]+: 


3. PETROVSKY’S FUNCTIONAL EQUATION. We replace our quasilinear 
equation by a new functional equation. 


: os Ou ou O7u o7u 
SS M4u(ee—0. Ga) os int) sety FO 


duel fm 








=F(u(t—n), Sta), os, oe : (22.19) 
This equation is obtained from (22.10) by setting in the coefficients in 
place of the values of u and its derivatives at the given point, their values 
at X;,°-+,X,,t—n. The first use of such functional equations is due to Acad- 
emician I. G. Petrovsky. 

Then for the coefficients of the new equation (22.19), we obtain: 


ale, 


L(fti< By K,(t—n)", (22.20) 


a=0 


and the inequalities (22.16) and (22.17) may be rewritten as: 
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[2] +s a [2]42 
al 2 
acy <me{i+| by Kn) | 


p=0 
[S]+ 


1,[5]+2 
ry <rg<ac[i+| »; Kt—9)"| i 
p=0 


Suppose that the function F(t, x), x2, 


-+,X,, U, du/dt,---,duU/dx,) after 
the substitution 
= at dx; ——ae —— Ox, —, 


vanishes identically. Then we may strengthen the second of the inequal- 
ities (22.21). 


Suppose that y,¥o,¥1,°:*.¥n depend only ont¢,x,,---,x, (and do not 
depend on the z,); then, Moploink Minkowski’s seaiiality: we obtain: 


a 
7 2 a 
Ul erate eT aa| 
dt°dx,' ... ad 
2 (t) fi = 
<{ { - Se earaneres : =) a2} (22.22) 
ae wax," oa 


+ MC, y L(t)! 
(the notation of total derivatives is understood without explanation) 
We note that 


YLOT<N(LO+LOY 
y=1 


and shall estimate the first term on the right side of (22.22) 
Set 


Fy (, *1 Xo, 9 Xny Vy Yor Vyr eer Mn) = 
=F(t, x, 


ates, Bey AVS RV 95 0 ng MDGS 
Then we have: 


ees 


1 Fyu(4 Xp Xni Vs Yor Viv ses Vn) = 
= fF Oy bene y ae papeit yy )dd 
0 
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where, by Fy" ° © we denote as above, the derivatives of F, with respect 
to ¥, Voy* . "Yn. 


Consider ¢, X1,-++,%n» ¥) Yo. ¥is°-+>¥n aS independent variables and form 
the expression for the derivatives 


CFG Xe hh coe Se Ke Ie Vie sen Ia) 
ag a, aq ay, 
arax axe ... ax! 


Using the definition of generalized derivatives we have: 


OF Oak OX 


n 


ad 
(tie ee X1, Xp, 0+, X,) dQ dt = 
1 ay 
v 


n 


1 
=|. \ ar ae er cae 
> CE ON axe Oa” 
0 


PLO ye FRO Ny) dh dQ dt = 


1 


={{f--J eee ee che et gk ee sr Oy te 
ar axis! ... Ox." 
: 


n 
vv) 


0,0,1, ..., 0 0, 0,0, ..., 1 = 
ney oi yt... $F, y,) 49 at} di = 
: id aa wee, O 
= J | |. e | (— l)t¥ (%4, x ee ey Xn» t) E SS eget aa or 
Ob Oe sake” 
0 Vv 
re a Ope e.c, 1 


+ shave +Yn- pacemerece Giana ae 
OF OX, aie OX 


n 


1 ORO saat 
= [--[ (9 Mop Sse} «m Of { |» sate ae + 
a ep Oxe 


af ax™ ox” 
0 
gtr 0, Os veer 
+... tf os ae al d® dt. 
Ot ° dx, Ox,” 


From this we obtain: 
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OF (t, Xt, 4 +00) Tye Vs Vor Vee es Yn) = 


at” dx,' Ox," ve ax,” 
Oo" Fl 0, 0, weep 0 id aa Q, or) 1 
ea j ly Sang aets See. — 5 Pia ae | + y, ——.—_——— di. 
. Ox,” Of OX 5 OR 


We use this formula for the estimation of the first summand on the right 


side of (22.22) to obtain: 
ap 2 
S (waktas) 
et’a aie OX," 


2 (t) 
(lap orgies ooo D 
-f-SfGeet + 
Of°Ox, ... Ox,” 
a(t) 


are eoes 1 a 
+Yn omer, a] dQ. 


Of’... Ox” 


tt 


Estimating with the aid of the Minkowski and Bunjakovsky inequalities, 


we have: 
1 
2 


o°F 3 _ 
Gt OR as Ox," J 
Q(t) 


-e +, 1,0,.-.,0 


<dif (J yf (a wae) ze 


Q(t) 


G21 Or Ore eey 1, 000040 
<maxly) eas a Seon aS teae: , 
at ays Oar |. axin 


(ft) 


1 


i jos 


and since for positive X), X2,+++,Xn 
(+x tayt -. Fx) caitet ... xt 


and max|y,|? <C,L(t)?, then 
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1 


Le | (Grae cea v7) 0 ae] < COL. (22.23) 
i : x, *n 
From (22.22) and (22.23) follows: 
a veo eel ae (22.24) 


This is the desired strengthening of the ‘aecaalite (22.21). 
Set 


[s]+3 
» K,()=2, (22,25) 
- 
[$]+2=*. 
We note that 
ome 2. 
Kt)? << Z(t)* 


In an analogous way to that by which we obtained the inequalities (21.74), 
we find 
1 p+1 


Ks OSA { Kees f [AC Ka 60® SKA 6)* + 


+ FUMK au) Jat 


We combine this inequality and a similar inequality for Ko(t). Then. 
taking a sufficiently large C3, we obtain: 


Z)< a { 20+ f [Awzn+ F200") a (22.26) 


In addition, (22.21) may be rewritten as: 


= 
2 


} 
} 


A(t) <CsB | 14+2(t—n) 


vo | 


FOS GC {I+Z(t—a 
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Setting (22.27) in (22.26), we obtain: 


200 <¢, {2+ f[ an+26—97120)+ 


Si 


OZ Say 2 


If the free term of equation (22.10) vanishes for u=du/dt=du/dx,;=-:: 
-..=0u/dx,=0, then using (22.24) we obtain 


dt, | (22.28) 


. ik 
P(N< CC \ Z(t—n)” + 2 (¢—1)’ fp (22.29) 


and then obtain in place of (22.28): 


# 
Z()<C,{200)+ f{ BZG)U+Z4—a) I+ 
0 


1 1 


: 
Cz (t,)? (Z(t) —1)? 42(4—1)? J Jae. (22.30) 


4. THE CAUCHY PROBLEM WITH HOMOGENEOUS INITIAL CONDITIONS. We 
shall first establish our theorem in a special case. Suppose that the func- 
tions Up and u; are equal to zero and that the free term of the equation 
vanishes identically on the segment —AStXO after the substitution into 
it of u=du/dt=du/dx,;=---=du/dx,=0. Then on this segment, the equa- 
tion (22.10) has the solution 


u=0, 


satisfying the initial conditions (22.13). 

We now consider the functional equation (22.19), setting 7<h. For 
—h<t<0 it will have the solution u=0. We continue this solution with 
respect to ¢. 

For this purpose, we decompose the interval of values of ¢ into pieces 
by points ao, a,°++, a, such that aj,;—a;<n. Then the values of the co- 
efficients (22.19) on the ith segment depend only on the values of u and 
its derivatives on the (i— 1)th segment, and the solution of the quasilinear 
equation thus reduces to the solution of a linear equation. If the coef- 
ficients of this equation have generalized derivatives up to order [n/2]+2 
and the initial data up to order |n/2|+3, and if that part of the funda- 
mental domain Q* which falls within our segment remains fundamental, 
then for the linear equation we may construct a solution according to §20. 
Thus, we may calculate u by going from one segment to the next. 
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We now show that we can choose 2* so that it remains fundamental 
within the region of regularity of the conoid. Indeed, by the Imbedding 
Theorem on that domain, when the integrals of the sum of the squares of 
the derivatives of u up to order [n 2|+3 are bounded by a number Q, we 
may find 6,(Q) so that on the segment 0<?¢<46,(Q) the values of u, du dt, 
du/dx,,+:+, du, dx, differ from their initial values (i.e., from zero) by not 
more than \. Then if one can give estimates for Z(t) not depending upon 
the character of the solution, one can find a domain 0<t<é6,(Q) where 
Z(t) <Q. Then taking 6 = min(4,(Q). 6.(Q)). we obtain a domain on which all 
the inequalities are valid and, therefore. equation (22.10) will be solvable. 

We now estimate Z(t). We use the inequality x°<A(1+ x") for x>0 and 
O0<a@ arbitrary (A does not depend on x). Then it follows from (22.28) 
that: 


t 
Z(t) <Cy f+ 2 (4)? —2 (4 — a)" dt, (22.31) 
0 


and analogously from (22.30): 
t 
Z(t) <Cy fIZIVEZGP EZ — D+ Zh — ade, (22.3: 
0 


bo 
w 
to 


We consider (22.31) first. We construct the sequence of functions: 


U9 (t), Uy (2), ceey Un (2) 


by the rule 
Up = M, 
t 
0, (= Cy fH? 1-1 (OM dh, (22.33) 
0 


According to the theory of differential equations, v; converges uniformly 
to u(t), the unique solution of the equation 


v' (t) = C, (1+ 0?+ 0); V|r=0 = 0 (22.34) 


wherever this solution exists. 
From this, if 


Z(t) <u, (t), 


then, since 


U; (t) Us (t— LAE 


it follows from (22.31) that 
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Zz (2) a Vint (2), 
and then obviously, 


Z(t) <v(?). (22.35) 


From these estimates there follows the existence of solutions to all the 
equations (22.19), while for the family of these solutions we have uniform 
bounds to the integrals over the domain Q(t) of the sum of the squares 
of the derivatives for arbitrary ,—-0. From the Imbedding Theorem, using 
Arzela’s theorem, we may choose from this family a uniformly convergent 
subsequence. Passing to the limit in (22.19) for 70, we find that the 
limit of such functions will be a solution of the quasilinear equation (22.10). 

We show the uniqueness of the solution. Let u; be the constructed solu- 
tion of the equation (22.10) for 0<t<h. We introduce a new unknown 
function v=u—x,. Then the new quasilinear equation will have as one of 
its solutions v=0, and therefore, the free term for 


0 


| 


oe 
post Oy 
will vanish. We shall show that there does not exist any other solution 
than v=0O. In our case Z(t) satisfies the condition (22.30). Setting »=0, 
we obtain: 


t 
Z()<Cy f (22 (4) +2 (4)? +2 4 ae, (22.36) 
0 


and if Z(t) is bounded, then it is no larger than the unique solution of 
the equation 

y=C;(2y ty + y*), 
vanishing for t=0. Obviously, y=0, and therefore Z(t) <0, which proves 
the uniqueness, since from Z(t) =0 follows v=0. Thus in the special case, 
our theorem is proved. 

5. PROPERTIES OF AVERAGED FUNCTIONS. Before going over to the con- 
sideration of the general case, it is necessary for us to establish some prop- 
erties of averaged functions. 

Suppose the function u(x{,---,x,) has generalized derivatives up to 


order / and suppose there exists «<1 such that the derivatives of u of 
order s, where 


{>s>—ne 


are summable to the power (e+s/n)~’ on every bounded portion of the 
space. 
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If «<0, then by the Imbedding Theorem all the derivatives of order 


$s <_— Me are continuous. 
Suppose that F(t)=0 for &>1 and for §<}4 and that F(t) is continuous 
together with all its derivatives. Suppose also 


where u, is the surface of the sphere of unit radius. 
We consider the averaged potential: 





F 
Ub xe Hf fe oe) aQ. (22.37) 


By the theorems of §§2, 3, for t—0 we have lim U=np(x,,---,X,) and for 


t>0, U has continuous derivatives of arbitrary order. 


THEOREM. The derivatives of the potential U with respect to the variables 
t,X1,---,X, of order ssl are integrable on every bounded domain Q, to the 
power (e+(s/n))~' and have almost everywhere for t—0O a limit in the sense 
of L _,. The derivatives of U of order s=l+-« multiplied by t" have unt- 


(:-F(s‘A)) 
formly bounded integrals for their (e+-(s/n))~' power on every bounded do- 
main 2, and have almost everywhere for t—0 a limit in the sense of 


i 


1 


ef 





ProoF. (1) s<l. Differentiating (22.37) in the ordinary way with respect 
to xX), %,---,X,, we obtain: 


0" U =" 
ax,'Ox,° cal ox,” 
ss By 
SS ia | eG eee “| =F (F)] ue 
; . Ox, aes Ox,” 


and since (1/r")F(r/t) depends only on the difference x;— xj, 


me 


a, a, 
Ox, OX, see Ox, 








=o I ——_" __(5 (+)]. 


a, "Oey on 
Ox, ‘Ox, ° «+. OX, 
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and therefore 


OU = 
ax; a axon 
’ ] 8, of: } r y 
SP een MS eset, ) (4) err ~ [=F(F)] ae’= 
J J , Ox, ; ox,” 


f f 1 r(£) O%u (Xie 0 Xp) hans 
Serie pae pean ra te te 
0 ee. oh 


é 
xy Ox, 


= Ot Oe) meas (22.38) 
7 OX, 08, io OR, 
We differentiate now ap times with respect to ¢ and use the equality: 


f[tr(@)--4°(@)=4l-+-)- 


r 


and further 


a 





k k 
ae |- F (=)| eee a 

ot r t or 

Using these equalities, we obtain: 


anu 


of? Axi! ... axen 
ae ay ri “, 
=f + = ==) F (=) dr dS, = 
0%, usa 0en ® or Lr t t 


sa ae cegoece cece 


(22.40) 








F (=) dQ’. 


[99p8— y+ 1 


This result may be briefly formulated in the following way. The deriva- 
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tives of the potential may be put in the form of a linear combination of 
averaged functions of the derivatives d*y/dxj{*!---dx;8. with regular ker- 
nels. By virtue of the fact that the derivatives d°u/dx{*l---dxj’n are sum- 
mable to the power (e+ (s/n))~', we immediately show the first part of 
the theorem by a simple application of theorems on averaged functions 
(cf. §5, item 2). 

(2) s=l+a. Carrying through a transformation as in the preceding 
discussion, we obtain: 





2 aitey 
at” dx! ox,” 
= a'y a a" 
{ if ae Ox,” Ox ot Ox, axin 
1 = ‘s 
x {4 F (7)\ dQ’, (22.41) 
if 
4) + Xo — . + Ly > l 
or 
lta 
t a c e 2 
O67 O55) vss OX, (22.42) 





ra | Seer ode one) an 


if ajtagt:::+a,Sl. In both cases, the kernels of the averaged func- 
tions are homogeneous functions of r and ¢ of degree (—n). By the theo- 
rem on averaged functions, we obtain the final result. 


CoROLLARIES. (1) The derivatives of *U of order s=0,1,---,l+a have 
bounded integrals on every domain Q to their (e+((s—a)/n))' powers. The 
derivatives of order s<a—ne will be stmply continuous functions. 


This follows from the Imbedding Theorem. 


(2) The derivatives of order s have a limit in L | for t—-0 and 
that limit for s<qa will equal zero, while se Ney AN 
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lim OOD ml a (Xi Kay ote tus By) 
t>0 ot" 
This corollary follows from the properties of averaged functions. 
We may now prove an important theorem. 
6. TRANSFORMATION OF THE INITIAL CONDITIONS. 
THEOREM. Suppose we are given k+1 functions such that 
f ae flglao<a?; 
Og 
1 1 
oes ae 
Poe dee "dQ<cAl Ss 
2 
OUz-1 |? 19 P 
ee fl oF | do <a? 
9 
(22.43) 
1 1 
rk ie 


if 2 ts an arbitrary bounded domain in the space xX, X2,+++, Xp. 
If 
alae 
|p 


then from (22.48) it follows that the functions 


will be bounded and continuous. 
Then for t=0, we may construct a function v(t, x),+-+, Xn) for which the 
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functions u, will coincide with the initial values of its time derivatives. The 
function v will have for t>0 continuous derivatives of arbitrary order and 


1 
k—12 


tim| f.. ieee \5~"F aa] =o, (2>e—|*]), (22.44) 


where the integrals (22.44) have a sense and we also have amost everywhere 
in Q: 





: 07Vu ra 
lim —— = u,. (22.45) 
t>o 00 


The derivatives up to order k—[n/p]| will be continuous for t=0. 
In additio:1, we will have the inequalities 


1 
k—a 


‘ TiS 
f. ora ae d2 < Bs; (42> e—|*]) 








onan arbitrary bounded domain Q for arbitrary t>0, where By is some new 
constant. 


To prove this theorem we seek the function v(t, x,,---, x,) in the form: 
t ee tk 
v=U ta Uy +a Vet eine + Uy, (22.46) 
where 
U;= Aes AF F(=) hy (x3, veey Xn) dQ’, (22.47) 


We choose the u; by completeness, using the conditions (22.45). We 
have: 


lim v= up; (22.48) 
t>0 
lim = lim U, =, = 4), (22.49) 


t-0 


lim Sa 2 lie of lim Uy = y ay Ge tba Me 
j=) 


from which 
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n 


Ou 
Uy = ty — Dia, se (22.50) 
j=.” 
If we suppose now 
~~ e24 gi—8—1y 
Pi- 1 » ab, By. ie 9 8 5 , 
aS 7 AxhOxchr x°n 


we show that the u; have the same form. Indeed, differentiating (22.46) 
i times with respect to t, we obtain: 


atu Oy 8 ao ot- 8 tk Uy 
“on gaat +i lV aa t+ la ae 





dtu 
lim 7 eam eee oa ie + + I)plim a a Por seer Nm 0, = 
Of 1uy 
= ie fs, --- Pn axd., eas 
nr 


(2 O22 
te jae geass 


’*n Oxi... Axtn 
mt 


As a result, 


ot—-8 
= Wg pee i 
B= Ye Ba Biss +o By, axt een (22.51) 
B=1 n 
Using (22.51), we shall now easily establish with the help of the Minkow- 
ski inequality that 


J. «J erpcmero aes "do <M AR. 


MOK... dee in 


On the basis of the theorem on potentials, we obtain our theorem. 
7. THE GENERAL CASE FOR THE CAUCHY PROBLEM FOR QUASILINEAR 
EQUATIONS. In the general case, we have to seek a solution of the equation 


Na, anon oe a P (22.52) 


for the conditions: 


. Ov io 
u =U, 37 eo (22:53) 
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where 
OF ug 2 
da2Q<cU, 
f-- 2) gaa oee AtOX a) . Ox" = S 


+ 3 


n 
or eee me 


0 
J. eran Eye Ox" 


p=0,1, ..., fa]2 





(22.54) 





<u, 


On the initial hyperplane t=0, using (22.53) and (22.52) we may calcu- 
late the values of all derivatives of u up to order [n/2]+°3 inclusive, for 
which each function 


Osu 
OO a OX nm 





for 


will be summable to the power 


J — 


1 [$]+3-s 
7 aaa aaa 


and for s=0,1,2, will be continuous. 

We prove this by induction. Suppose that the assertion is true for all 
derivatives for which the order of differentiation in ¢ is less than a, (if the 
differentiation is carried out with respect to x;, then the assertion is a con- 
sequence of the Imbedding Theorem). 





We consider d'u/dtdxg!-+-dxen. As a consequence of (22.52), we have: 
Osu _ Os iF 
Ot On} Ste Ox'n — S Tal ae ar wees Onn a 
% PS 
a os-2 \ NV es! O7u 


O09 70x" Ox’ aed me J Ox,0x;* 


n t=ljswl1 
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We use the concept of inverse index. The inverse index for the initial 
values of the derivatives of order s of u will be: 


ae), n= am | 

6284) va SEIS 
1-+(s—3) | pS | 
— a n==2m-1 | 


Reading off the index for the right side and noting that each differenti- 
ation in ¢ and substitution of t=0 increases the index by not more than 
1/n, we obtain our assertion. 

We introduce for t>0, the new function w=u—uv, where v is constructed 
as indicated above and takes on the initial hyperplane the same values as 
u. After this substitution, the equation remains quasilinear with coef- 
fiicients having property 7’. 

We extend the coefficients of the equation to the halfspacet <0. For this 
purpose, the A, are extended arbitrarily and 


FE Ray asey aa we Sleco=F(0, x, Mag Mas Oi ie 3) =O, 


Thereby the problem is reduced to the special case considered above, and 
for t<0, the solutions of (22.52) will be identically zero. 
Thus, our theorem is proved in the general case. 


